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Devwudfw
Zh ghyhors d prgho ri hqgrjhqrxv jurzwk lq dq hfrqrp| zlwk frp0
shwlwlyh pdunhwv1 Whfkqlfdo fkdqjh dulvhv iurp wkh lqwhqwlrqdo dfwlrqv ri
hqwuhsuhqhxuv orrnlqj iru surwv1 Rssruwxqlwlhv iru vxfk surwv vwhp iurp
lqiudpdujlqdo uhqwv1 Wklv surylghv d frxqwhuh{dpsoh wr wkh zlghvsuhdg
ylhz wkdw hqgrjhqrxv whfkqlfdo fkdqjh lv srvvleoh rqo| li lqqrydwlqj upv
fdq h{shfw wr uhds prqrsro| ru roljrsro| uhqwv1 Wkh prgho kdv d xqltxh
htxloleulxp/ zklfk lqyroyhv vwhdg| jurzwk dw d srvlwlyh udwh1 Htxloleulxp
jurzwk lv lqh!flhqwo| orz ehfdxvh nqrzohgjh vslooryhu hhfwv duh qhjohfwhg1
Wkh lqh!flhqf| fdq eh holplqdwhg e| dq lqwhuhvw udwh vxevlg|1
Nh|zrugv= hqgrjhqrxv whfkqlfdo fkdqjh/ shuihfw frpshwlwlrq/ surgxf0
wlylw| jurzwk/ zdjhv/ hpsor|phqw
MHO Fodvvlfdwlrq= R7/ H57/ M63/ G57/ G74/ G<5
Ilqdqfldo dvvlvwdqfh iurp Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw xqghu wkh surjudp Lqgxv0
wulhùnrqrpln xqg Lqsxwpçunwh lv judwhixoo| dfnqrzohgjhg1
41 Lqwurgxfwlrq
Lq wklv sdshu zh ghyhors d prgho ri hqgrjhqrxv jurzwk lq dq hfrqrp| zlwk
frpshwlwlyh pdunhwv1 Whfkqlfdo fkdqjh dulvhv iurp wkh lqwhqwlrqdo dfwlrqv ri hq0
wuhsuhqhxuv orrnlqj iru surwv1 Rssruwxqlwlhv iru vxfk surwv duh dydlodeoh hyhq
wkrxjk wkhuh duh qr prqrsro| uhqwv1 Wklv surylghv d frxqwhuh{dpsoh wr wkh
zlghvsuhdg ylhz wkdw hqgrjhqrxv whfkqlfdo fkdqjh lv srvvleoh rqo| li lqqrydwlqj
upv fdq h{shfw wr uhds prqrsro| ru roljrsro| uhqwv1 Wklv ylhz jrhv edfn wr
Vfkxpshwhu +4<4424<67,> lq wkh uhfhqw olwhudwxuh lw kdv ehhq h{suhvvhg/ h1j1/ e|
Urphu +4<<3,/ Jurvvpdq dqg Khospdq +4<<4,/ Shuhwwr +4<<9,/ dqg Djklrq dqg
Krzlww +4<<;,1 Lq d w|slfdo irupxodwlrq/ Shuhwwr +4<<9/ s1 ;<:, dvvhuwv wkdw lpshu0
ihfw pdunhwv dqg prqrsro| srzhu duh qhfhvvdu| wr lqgxfh surwvhhnlqj djhqwv
wr xqghuwdnh frvwo| U)G1
Zh gr qrw zdqw wr glvsxwh wkh qrwlrq wkdw survshfwv ri prqrsro| uhqwv hq0
frxudjh lqqrydwlyh dfwlylwlhv1 Zh phuho| zdqw wr dujxh wkdw surw rssruwxqlwlhv
lq frpshwlwlyh pdunhwv pd| dovr surylgh lqfhqwlyhv iru lqqrydwlyh dfwlylwlhv1 Li
surgxfwlrq whfkqrorjlhv duh vwulfwo| frqyh{/ wkhuh zloo eh lqiudpdujlqdo uhqwv sur0
ylglqj iru dq h{fhvv ri uhyhqxhv ryhu yduldeoh surgxfwlrq frvwv hyhq zkhq upv
wdnh sulfhv dv jlyhq1 Vxfk lqiudpdujlqdo uhqwv pd| surylgh frpshqvdwlrq iru wkh
frvwv ri uhvhdufk dqg ghyhorsphqw> vshqglqj rq uhvhdufk dqg ghyhorsphqw pd|
eh ghvludeoh dv d zd| wr lqfuhdvh vxfk uhqwv14
Vwulfwo| frqyh{ whfkqrorjlhv dqg lqiudpdujlqdo uhqwv kdyh odujho| ehhq h{foxghg
iurp jurzwk wkhru| ehfdxvh wkh| vhhp lqfrpsdwleoh zlwk wkh vwdqgdug dvvxps0
wlrq ri frqvwdqw uhwxuqv wr vfdoh1 Wudglwlrq/ ru shukdsv d frqfhuq iru wkh vw|ol}hg
idfwv ri hfrqrplf jurzwk +Ndogru +4<94,/ Vrorz +4<:3,, dqg wkh vwhdg|vwdwh
jurzwk sdwwhuqv wkdw wkhvh vw|ol}hg idfwv vxjjhvw/ kdyh ohg wkh surihvvlrq wr irfxv
rq jurzwk prghov zlwk frqvwdqw uhwxuqv wr vfdoh lq surgxfwlrq1 Jlyhq wklv vshf0
lfdwlrq/ Hxohu*v odz hqvxuhv wkdw iru d sulfhwdnlqj up/ uhyhqxhv duh htxdo wr
yduldeoh surgxfwlrq frvwv/ wkhuh duh qr lqiudpdujlqdo uhqwv/ dqg khqfh wkhuh lv qr
frpshqvdwlrq iru uhvhdufk dqg ghyhorsphqw +vhh/ h1j1/ Urphu +4<<3,,1
Lq wklv olqh ri dujxphqw/ wkh dvvxpswlrq ri frqvwdqw uhwxuqv wr vfdoh dsshduv lq
wzr glvwlqfw jxlvhv= Dw rqh ohyho/ frqvwdqw uhwxuqv wr vfdoh duh vhhq dv d frqglwlrq
rq djjuhjdwh whfkqrorj|/ wdnhq wr eh lpsolhg e| revhuyhg hyroxwlrqv ri lqwhuhvw
udwhv/ fdslwdo lqwhqvlw|/ hwf1 dw wkh ohyho ri wkh ryhudoo hfrqrp|1 Dw dqrwkhu
ohyho/ frqvwdqw uhwxuqv wr vfdoh frqfhuq wkh lqglylgxdo up dv wklv up fkrrvhv
4Wkh lghd wkdw d frpshwlwlyh hqylurqphqw pd| ohdyh urrp iru qdqflqj ri h{shqglwxuh rq
uhvhdufk dqg ghyhorsphqw douhdg| dsshduv lq d sduwldo htxloleulxp prgho ri Vkhoo +4<:6,1 Kh
frqvlghuv wzr w|shv ri sulfh wdnlqj upv1 D odujh exw qlwh vhw ri upv hpsor|v dq dgydqfhg
whfkqrorj|/ wkh rwkhuv rshudwh dw dq rog whfkqrorj|1 Uhqwv dsshdu lq wkh irup ri txdvluhqwv rq
dgydqfhg whfkqrorj| dqg dulvh li lqgxvwu| rxwsxw h{fhhgv wkh txdqwlw| surgxfhg e| wkh vhw ri
dgydqfhg upv dw plqlpxp xqlw frvwv1
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surwpd{lpl}lqj surgxfwlrq sodqv dqg qgv wkdw pd{lpxp surwv +ehiruh frq0
vlghudwlrq ri U)G vshqglqj, dw htxloleulxp sulfhv duh }hur1 Rxu dqdo|vlv lv edvhg
rq wkh revhuydwlrq wkdw wkhuh lv qr qhfhvvdu| olqn ehwzhhq frqvwdqw uhwxuqv wr
vfdoh dw wkh ohyho ri djjuhjdwhv dqg frqvwdqw uhwxuqv wr vfdoh dw wkh ohyho ri wkh lq0
glylgxdo up1 Wklv revhuydwlrq kdv suhylrxvo| ehhq pdgh e| Ehvwhu dqg Shwudnlv
+4<<;,> zh iroorz wkhlu vshflfdwlrq dqg hpehg lw lq d jhqhudohtxloleulxp prgho
ri djjuhjdwh hfrqrplf jurzwk1
Uhjdugohvv ri zkdw whfkqrorjlhv duh dw wkh ohyho ri wkh lqglylgxdo up/ dw wkh
ohyho ri hfrqrp|zlgh djjuhjdwhv/ frqvwdqw uhwxuqv duh jxdudqwhhg li rqh dvvxphv
wkdw whfkqrorjlhv ri lqglylgxdo upv fdq eh uhsolfdwhg dg olelwxp1 Zh dvvxph wkdw
wkh hfrqrp| frqwdlqv d odujh rfhdq ri vpdoo +dwrpohvv, upv/ hdfk ri zklfk kdv
dffhvv wr wkh vdph whfkqrorj|1 Wklv dvvxpswlrq jxdudqwhhv wkdw li d surgxfwlrq
sodq lv ihdvleoh dw wkh ohyho ri wkh lqglylgxdo up/ wkhq dq duelwudu| qrqqhjdwlyh
pxowlsoh ri wklv sodq lv ihdvleoh dw wkh ohyho ri wkh hfrqrp|1 Wklv lv hqrxjk wr
doorz wkh nlqg ri vwhdg|vwdwh jurzwk sdwwhuqv wkdw duh vxjjhvwhg e| wkh vw|ol}hg
idfwv ri hfrqrplf jurzwk1
Dw wkh ohyho ri lqglylgxdo upv/ zh vshfli| whfkqrorjlhv lq vxfk d zd| wkdw
iru d jlyhq surgxfwlrq whfkqltxh/ wkh vhw ri ihdvleoh lqsxwrxwsxw frpelqdwlrqv
lv vwulfwo| frqyh{1 Lq dgglwlrq wkhuh lv d srvvlelolw| ri lpsurylqj surgxfwlrq whfk0
qltxhv wkurxjk sulru uhvrxufh vshqglqj> wklv lqwurgxfhv d qrqfrqyh{lw| ehfdxvh
wkh U)G vshqglqj lv qrw uhodwhg wr vxevhtxhqw rxwsxw dqg fruuhvsrqgv wr d {hg
frvw1 Wkh frpelqdwlrq ri vwulfw frqyh{lw| ri wkh whfkqrorj| iru d jlyhq surgxfwlrq
whfkqltxh dqg wkh qrqfrqyh{lw| iurp uhvhdufk dqg ghyhorsphqw pdnhv lw srvvl0
eoh wr kdyh erwk/ pdujlqdofrvw sulflqj ri rxwsxw dqg iuhh hqwu| lqwr U)G fxp
surgxfwlrq/ l1h1/ }hur surwv qhw ri U)G vshqglqj1
Wkh vshflfdwlrq zh xvh kdv surgxfwlrq ri d up dw dq| wlph ghshqg rq lwv
oderu dqg fdslwdo lqsxwv dqg rq wkh uhvrxufhv lw kdv ghyrwhg wr lpsurylqj oderu
surgxfwlylw|1 Oderu lqsxwv duh surylghg lq wkh shulrg ri surgxfwlrq/ fdslwdo lqsxwv
dqg surgxfwlylw| lpsuryhphqw uhvrxufhv duh surylghg rqh shulrg ehiruh1 Oderu
dqg fdslwdo duh vwulfw frpsohphqwv> fdslwdo kdv ghfuhdvlqj uhwxuqv hyhq zkhq lw lv
wkh olplwlqj idfwru1 Wklv lv wkh vrxufh ri lqiudpdujlqdo uhqwv1
Ehvwhu dqg Shwudnlv +4<<;, xvh wklv vshflfdwlrq wr vwxg| hqgrjhqrxv whfkqlfdo
fkdqjh lq d sduwldohtxloleulxp prgho ri d frpshwlwlyh lqgxvwu| zklfk idfhv d
jlyhq ghpdqg ixqfwlrq/ d jlyhq/ wlphlqghshqghqw lqwhuhvw udwh/ dqg lv vxemhfw
wr h{rjhqrxv zdjh jurzwk1 Wkh| vkrz wkdw wkh lqgxvwu| frqyhujhv wr d vwhdg|
vwdwh htxloleulxp zkhuh surgxfwlylw| jurzwk pdwfkhv zdjh jurzwk1 Lq wkh vwhdg|
vwdwh/ wkh rxwsxw sulfh/ djjuhjdwh surgxfwlrq/ dqg surgxfwlrq shu up duh doo
frqvwdqw> hpsor|phqw ghfuhdvhv dv surgxfwlylw| jrhv xs1 Hqgrjhqrxv whfkqlfdo
fkdqjh surylghv d g|qdplf phfkdqlvp ri vxevwlwxwlrq djdlqvw oderu lq uhvsrqvh
wr kljk dqg jurzlqj zdjhv1
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Iurp d jhqhudohtxloleulxp shuvshfwlyh/ wklv dffrxqw ri wkh hpsor|phqw hi0
ihfwv ri zdjhlqgxfhg whfkqlfdo fkdqjh lv sureohpdwlf dv lw vhhpv wr uhvw rq wkh
dvvxpswlrq ri d jlyhq ixqfwlrq uhodwlqj rxwsxw ghpdqg wr rxwsxw sulfh1 Dv od0
eru surgxfwlylw| jurzv/ vr vkrxog lqfrph1 Wklv vkrxog vkliw wkh rxwsxw ghpdqg
ixqfwlrq1 Frxog lw eh wkdw wkh qhjdwlyh hpsor|phqw hhfw ri zdjh jurzwk lq wkh
EhvwhuShwudnlv dqdo|vlv lv gxh wr wkh qhjohfw ri vxfk lqfrph hhfwvB Dqg zkdw
lv wkh uroh ri wkh dvvxphg h{rjhqhlw| ri zdjh jurzwk dqg wkh lqwhuhvw udwhB
Wr dssurdfk wkhvh txhvwlrqv/ rqh qhhgv wr hqgrjhql}h lqfrph dqg dffrxqw iru
lwv hhfwv rq rxwsxw ghpdqg/ l1h1/ wr hpehg wkh dqdo|vlv ri hqgrjhqrxv whfkqlfdo
fkdqjh lq d jhqhudohtxloleulxp prgho1 Zh gr wklv e| frpelqlqj wkh Ehvwhu
Shwudnlv prgho ri up ehkdylru zlwk d krxvhkrog vhfwru ª od Udpvh| +4<5;,/
Fdvv +4<98, ru Nrrspdqv +4<98,1 Iru vlpsolflw| zh kdyh d vlqjoh krxvhkrog
frqfhuqhg zlwk klv frqvxpswlrq ohyhov lq dq lqqlwh vhtxhqfh ri shulrgv1 Iurp d
{hg hqgrzphqw/ wklv krxvhkrog lq hdfk shulrg vxssolhv oderu lqhodvwlfdoo| wr wkh
pdunhw/ dqg kh xvhv klv lqfrph iurp zdjhv dqg qdqfldo fodlpv iurp sdvw shulrgv
wr qdqfh klv frqvxpswlrq dv zhoo dv wkh dftxlvlwlrq ri qhz qdqfldo fodlpv1
Ilqdqfldo fodlpv duh lvvxhg e| upv qhhglqj ixqgv wr qdqfh wkhlu vshqglqj rq
fdslwdo dqg rq surgxfwlylw| lpsuryhphqwv zlwk d ylhz wr surgxfwlrq lq wkh qh{w
shulrg1 Dw wkh ohyho ri upv sodqqlqj iru ixwxuh surgxfwlrq wkhuh lv iuhh hqwu|>
iroorzlqj Ehvwhu dqg Shwudnlv/ zh dvvxph wkdw dw wklv srlqw doo sdvw surgxfwlylw|
lpsuryhphqwv duh lq wkh sxeolf grpdlq/ l1h1/ zlwkrxw dq| vshqglqj rq surgxfwlylw|
lpsuryhphqwv/ dq| up fdq dydlo lwvhoi ri surgxfwlrq whfkqltxhv wkdw |lhog fxuuhqw
surgxfwlylw| ohyhov1
Dvvxplqj wkdw zdjhv dqg lqwhuhvw udwhv lq doo shulrgv duh ghwhuplqhg hqgrjh0
qrxvo| e| wkh uhtxluhphqw wkdw doo pdunhwv fohdu zkhq doo sodqv duh pdgh rq wkh
edvlv ri wkh jlyhq vhtxhqfh ri zdjhv dqg lqwhuhvw udwhv/ zh hvwdeolvk wkh h{lvwhqfh ri
d xqltxh lqwhuwhpsrudo jhqhudo htxloleulxp1 Wkh htxloleulxp lqyroyhv vwhdgvwdwh
jurzwk iurp wkh vhfrqg shulrg rq/ zlwk frqvwdqw rxwsxw shu up/ dqg d frqvwdqw/
hqgrjhqrxv udwh ri whfkqlfdo fkdqjh1 Jlyhq wkh {hg vxsso| ri oderu/ wrwdo pdq0
xidfwxuhg rxwsxw lqfuhdvhv dw wkh udwh ri whfkqlfdo fkdqjh dqg vr gr uhdo zdjhv
dv zhoo dv djjuhjdwh frqvxpswlrq dqg djjuhjdwh lqyhvwphqw1 Wkh htxloleulxp
jurzwk udwh lv rqh zkhuh wkh lqfrph hhfwv ri lqfuhdvlqj zdjhv rq ghpdqg mxvw
frpshqvdwh wkh hpsor|phqw hhfwv ri lqfuhdvlqj surgxfwlylw| vr wkdw djjuhjdwh
hpsor|phqw lv frqvwdqw dw wkh ohyho fruuhvsrqglqj wr oderu vxsso|1 Lq dgglwlrq
wr wkh EhvwhuShwudnlv hhfw ri zdjh jurzwk surylglqj lqfhqwlyhv iru lqqrydwlrq/
zh dovr kdyh pdunhwfohdulqj frqglwlrqv lq d zruog ri whfkqlfdo fkdqjh lpsrvlqj
uhvwulfwlrqv rq zdjh jurzwk1 Zkhuhdv wudglwlrqdo jurzwk prghov zlwk h{rjhqrxv
whfkqlfdo fkdqjh kdyh fdxvdolw| uxqqlqj iurp whfkqlfdo surjuhvv wr zdjh jurzwk
dqg Ehvwhu dqg Shwudnlv kdyh fdxvdolw| uxqqlqj iurp zdjh jurzwk wr whfkqlfdo
fkdqjh/ zh wuhdw erwk/ zdjh jurzwk dqg surgxfwlylw| jurzwk dv hqgrjhqrxv/ ohwwlqj
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wkhp eh ghwhuplqhg mrlqwo| e| wkh frqglwlrqv iru lqwhuwhpsrudo jhqhudo htxlole0
ulxp1
D nh| sulfh yduldeoh iru htxloleudwlqj wkh hfrqrp| lv wkh udwh ri lqwhuhvw1 Rq
wkh surgxfwlrq vlgh ri wkh hfrqrp|/ iru hdfk ohyho ri wkh fxuuhqw lqwhuhvw udwh dqg
hdfk ohyho ri fxuuhqw surgxfwlylw|/ wkhuh lv d xqltxh ixwxuh uhdo zdjh udwh vxfk
wkdw dw wkh jlyhq frpelqdwlrq ri lqwhuhvw dqg zdjh udwhv wkh surwpd{lpl}lqj
surgxfwlrqfxplqqrydwlrq sodq ri dfwlyh upv lv mxvw frpsdwleoh zlwk wkh }hur
surw frqglwlrq wkdw lv lpsolhg e| iuhh hqwu|1 Rq wkh frqvxpswlrq vlgh ri wkh
hfrqrp|/ iru hdfk ohyho ri wkh fxuuhqw lqwhuhvw udwh/ wkhuh lv d xqltxh jurzwk udwh ri
frqvxpswlrq wkdw lv frpsdwleoh zlwk frqvxphu rswlpl}dwlrq1 Iru dq htxloleulxp/
wkh lqwhuhvw udwh pxvw dgmxvw vr wkdw wkh frqvxpswlrq jurzwk udwh wkdw lv lpsolhg
e| frqvxphu rswlpl}dwlrq lv h{dfwo| htxdo wr wkh udwh ri surgxfwlylw| lpsuryhphqw
wkdw lv lpsolhg e| surw pd{lpl}lqj dqg iuhh hqwu| ri upv1
Surfhhglqj wr frpsdudwlyh vwdwlfv dqg zhoiduh dqdo|vlv/ zh qg wkdw wkh htxl0
oleulxp jurzwk udwh lq rxu prgho lv wkh kljkhu wkh ohvv glvfrxqwlqj ri ixwxuh
frqvxpswlrq wkhuh lv dw wkh krxvhkrog ohyho1 Zh dovr qg wkdw dq lqwhuhvw vxevlg|
qdqfhg e| d wd{ rq +lqhodvwlfdoo| vxssolhg, oderu zloo lqfuhdvh wkh htxloleulxp
jurzwk udwh dv lw gulyhv d zhgjh ehwzhhq wkh lqwhuhvw wkdw lv sdlg e| upv dqg
wkh lqwhuhvw wkdw lv uhfhlyhg e| wkh krxvhkrog vhfwru1 Xs wr vrph ohyho/ vxfk dq
lqwhuhvw vxevlg| zloo dfwxdoo| udlvh zhoiduh ehfdxvh wkh odlvvh}idluh htxloleulxp
lqyroyhv wrr olwwoh lqqrydwlyh dfwlylw|1
Rxu zhoiduh dvvhvvphqw ri wrr olwwoh lqqrydwlrq xqghu odlvvh}idluh lv xqdpeljx0
rxv ehfdxvh rxu prgho kdv rqo| rqh uhohydqw h{whuqdolw|/ wkh nqrzohgjhvslooryhu
h{whuqdolw| wkdw dulvhv zkhq lqqrydwlrqv ehwzhhq shulrgv | dqg | n  lqfuhdvh
wkh vwrfn ri nqrzohgjh wkdw lv dydlodeoh dw | n / iurp zklfk vxevhtxhqw lqqryd0
wlyh dfwlylw| vwduwv1 Lq frqwudvw/ lq vrph ri wkh prghov lqyroylqj roljrsrolvwlf ru
prqrsrolvwlf frpshwlwlrq/ wklv srvlwlyh h{whuqdolw| fdq eh rxwzhljkhg e| qhjd0
wlyh +shfxqldu|, h{whuqdolwlhv iurp vkliwlqj uhvrxufhv rxw ri fxuuhqw frqvxpswlrq
zkhuh pdunhw srzhu pdnhv iru d zhgjh ehwzhhq vrfldo pdujlqdo ehqhwv dqg vr0
fldo pdujlqdo frvwv +Djklrq dqg Krzlww +4<<5,/ Jurvvpdq dqg Khospdq +4<<4,/
Nolqjhq +4<<6,,1 Lq rxu prgho wklv lv qrw srvvleoh ehfdxvh qr up kdv pdunhw
srzhu dqg khqfh wkhuh lv qr vxfk zhgjh1
Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh od| rxw wkh ghwdlov ri
wkh prgho1 Zh ehjlq zlwk wkh krxvhkrog vhfwru lq Vhfwlrq 514/ frqwlqxh zlwk wkh
surgxfwlrq vhfwru lq Vhfwlrq 515/ glvfxvvlqj uvw whfkqrorjlhv dw wkh ohyho ri lqgl0
ylgxdo upv/ dqg wkhq wkh ehkdylru ri surgxfwlrq djjuhjdwhv1 Ilqdoo| lq Vhfwlrq
516/ zh vshfli| wkh frqfhsw ri lqwhuwhpsrudo jhqhudo frpshwlwlyh htxloleulxp iru
wkh hfrqrp| wkdw zh vwxg|1 Vhfwlrq 6 suhvhqwv rxu pdlq uhvxow rq wkh h{lvwhqfh
ri d frpshwlwlyh htxloleulxp zlwk hqgrjhqrxv jurzwk1 Ilqdoo|/ lq Vhfwlrq 7/ zh
ghdo zlwk frpsdudwlyh vwdwlfv dqg wkh zhoiduh dqdo|vlv ri htxloleulxp jurzwk lq
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rxu prgho1 Vhfwlrq 8 frqfoxghv1
51 Wkh Prgho
Zh vwxg| dq hfrqrp| zlwk wkuhh remhfwv ri h{fkdqjh/ d pdqxidfwxuhg jrrg/
oderu/ dqg erqgv/ lq dq lqqlwh vhtxhqfh ri shulrgv | ’ c 2c 1 Wkh pdqxidfwxuhg
jrrg vhuyhv iru lqyhvwphqw dv zhoo dv frqvxpswlrq1 Lq hdfk shulrg |/ wkhuh duh
pdunhwv iru wkh wkuhh remhfwv ri h{fkdqjh1 Wuhdwlqj wkh pdqxidfwxuhg jrrg dv
wkh qxpìudluh/ zh ohw | ghqrwh wkh uhdo zdjh dqg R
K
|
wkh uhdo erqg sulfh dw |1 D
erqg dw | lv d fodlp rq rqh xqlw ri wkh pdqxidfwxuhg jrrg dw |n1 Zrunlqj zlwk
uhdo lqwhuhvw udwhv udwkhu wkdq erqg sulfhv/ zh zulwh RK
|
’ *E n o| zkhuh o| lv
wkh uhdo lqwhuhvw udwh iurp | wr |n 1
5141 Wkh Krxvhkrog Vhfwru
Iru vlpsolflw| zh dvvxph wkdw wkh krxvhkrog vhfwru frpsulvhv rqh krxvhkrog1 Wklv
krxvhkrog kdv dq lqlwldo hqgrzphqw ri f erqgv frplqj gxh dw | ’ / u xqlwv
ri oderu lq hdfk shulrg | ’ c 2c / dqg ffI ri wkh vkduhv ri doo upv1 Wkh
krxvhkrog grhv qrw fduh derxw ohlvxuh1 Kh gudzv xwlolw| iurp klv frqvxpswlrq S|
lq shulrgv | ’ c 2c / dffruglqj wr wkh ixqfwlrqdo
"[
|'
q| *? S|c +514,
zkhuh f 	 q 	  lv d glvfrxqw idfwru1 Jlyhq klv lqlwldo hqgrzphqwv dqg jlyhq
klv h{shfwdwlrqv derxw wkh uhdo zdjhv |/ uhdo lqwhuhvw udwhv o|/ dqg djjuhjdwh
glylghqg glvwulexwlrqv | lq doo shulrgv | ’ c 2c / kh fkrrvhv d vwudwhj| iru klv
frqvxpswlrq ghpdqg S|/ oderu vxsso| u|/ dqg erqg ghpdqg 
_
|
lq | ’ c 2c  vr
dv wr pd{lpl}h wkh xwlolw| ixqfwlrqdo +514, xqghu wkh frqvwudlqwv wkdw
S| n
_
|
*E n o| ’ |u| n
_
|3
n|c +515,
S|  fc u|  uc 
_
|
 f +516,
iru doo |/ zlwk _
f
’ f/ jlyhq1 Iru wkh jlyhq orjdulwkplf xwlolw| vshflfdwlrq
5/ rqh
kdv=
5Olwwoh zrxog fkdqjh li zh xvhg wkh pruh jhqhudo frqvwdqw uhodwlyh ulvn dyhuvlrq xwlolw|
4[
w@4
w
f4w  4
4 
>   4=
Dv xvxdo lq lqqlwhkrul}rq rswlpdovdylqj prghov/ wkh frqglwlrq   4 lv qhhghg wr hqvxuh wkh
h{lvwhqfh ri dq rswlpdo vroxwlrq wr wkh krxvhkrog*v sureohp1
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Sursrvlwlrq 41 Jlyhq wkh lqlwldo erqg hqgrzphqwf dqg wkh vhtxhqfh i|c o|c|j
ri uhdo zdjhv/ lqwhuhvw udwhv/ dqg glylghqg glvwulexwlrqv/ wkh krxvhkrog fkrrvhv wkh
vhtxhqfh iS|c u|c 
_
| j vxfk wkdw iru | ’ c 2c /
S| ’ E qd
_
|3 nM| n T|o
u| ’ u
_| ’ E n o|qd
_
|3 nM| n T|oc
zkhuh
M| ’ |un
M|n
 n o|
’ |un
"[
'
3\
'f


 n o|n

|nu
lv wkh frqvxphu*v dvvhvvphqw ri klv kxpdq fdslwdo dqg
T| ’ | n
T|n
 n o|
’ | n
"[
'
3\
'f


 n o|n

|n
lv wkh djjuhjdwh ydoxh ri wkh frqvxphu*v vkduh kroglqjv +wkh glvfrxqwhg fxuuhqw
ydoxh ri rxwvwdqglqj h{shfwhg glylghqg glvwulexwlrqv, dv ri gdwh |1
Wkh surri ri wklv sursrvlwlrq lv vwdqgdug dqg lv ohiw wr wkh uhdghu1 Jlyhq wkdw
wkh krxvhkrog grhv qrw fduh derxw ohlvxuh/ klv sodqqhg oderu vxsso| lv htxdo wr
wkh hqgrzphqw u iru doo |1 Dv iru klv frqvxpswlrq/ wkh uvwrughu frqglwlrqv iru
S|/ 
_
| / dqg S|n |lhog d vlpsoh htxdwlrq
S|n ’ qE n o|S| +517,
iru frqvxpswlrq jurzwk ehwzhhq | dqg | n 1 Wklv frqglwlrq zloo sod| d fuxfldo
uroh lq wkh dqdo|vlv ri htxloleulxp jurzwk1
5151 Wkh Surgxfwlrq Vhfwru
515141 Lqglylgxdo Ilupv/ Whfkqrorj|/ dqg Surw Pd{lpl}dwlrq
Wkh surgxfwlrq vhfwru ri wkh hfrqrp| lv uhsuhvhqwhg e| dq dwrpohvv phdvxuh vsdfh
ri upv1 Iurp dq h{ dqwh shuvshfwlyh/ doo upv kdyh dffhvv wr wkh vdph whfkqrorj|1
:
Surgxfwlrq dw | uhtxluhv lqsxwv ri pdqxidfwxuhg jrrgv dw |   dqg oderu dw |1
Lqsxwv ri pdqxidfwxuhg jrrgv dw |   vhuyh wzr sxusrvhv= +l, wkh| ghwhuplqh
surgxfwlrq fdsdflw|/ dqg +ll, wkh| dhfw oderu surgxfwlylw| dw |1 Rxwsxw ri d up
dw | lv htxdo wr
+| ’ 6?E%|c @|,|c +518,
zkhuh %| lv surgxfwlrq fdsdflw|/ @| lv oderu surgxfwlylw|/ dqg ,| lv wkh oderu lqsxw
ri wkh up dw gdwh |1 D surgxfwlrq fdsdflw| %| dw | suhvxphv d fdsdflw| lqyhvwphqw
htxdo wr KE%| xqlwv ri wkh pdqxidfwxuhg jrrg dw |  1 Wkh oderu surgxfwlylw|
ri wkh up dw gdwh | lv htxdo wr
@| ’ |3E n ^|(
khuh |3 lv dq lqglfdwru ri hfrqrp|zlgh oderu surgxfwlylw| dw |  / dqg ^| lv
dq lqglfdwru ri surgxfwlylw| jurzwk dw wklv up> wklv surgxfwlylw| jurzwk uhtxluhv
dq lqyhvwphqw ri gE^| xqlwv ri wkh pdqxidfwxuhg jrrg e| wkh up dw gdwh | 1
Lq vxppdu| wkhq/ dw wkh ohyho ri wkh lqglylgxdo up/ wkh whfkqrorj| lv vxfk wkdw/
iru d jlyhq vwdwh |3 ri hfrqrp|zlgh oderu surgxfwlylw| dw gdwh | / dq lqsxw
ri KE%| ngE^| xqlwv ri wkh pdqxidfwxuhg jrrg dw |  dqg ,| xqlwv ri oderu ri
| |lhog dq rxwsxw htxdo wr 6?E%|c |3E n ^|,| xqlwv ri wkh pdqxidfwxuhg jrrg
dw |1
Lq whupv ri lqwhoohfwxdo surshuw| uljkwv/ wkh vshflfdwlrq khuh dvvxphv wkdw dq|
lqqrydwlrq lv sursulhwdu| nqrzohgjh lq wkh shulrg zkhq lw lv pdgh> krzhyhu wkh
whfkqrorj| iru pdnlqj lw lv zlgho| dydlodeoh1 Vxevhtxhqwo|/ dv zh glvfxvv ehorz/
wklv nqrzohgjh ehfrphv hperglhg lq wkh hfrqrp|zlgh surgxfwlylw| lqglfdwru
 dqg lv qr orqjhu dydlodeoh iru sursulhwdu| xvh1 Lqyhvwphqw lq lqqrydwlrq wdnhv
sodfh +zlwk uhgxsolfdwlrq dfurvv wkh upv grlqj lw, ehfdxvh ri wkh srvvleoh jdlqv
wr eh uhdshg gxulqj wkh lqlwldo shulrg ri dydlodelolw| ri wkh lqqrydwlrq1
Lq whupv ri wkh gdwh | pdqxidfwxuhg jrrg dv qxpìudluh/ d up wkdw lv dfwlyh
dw | h{shfwv wr kdyh d surw htxdo wr
Z| ’ 6?E%|c |3E n ^|,| |,|  E n o|3EKE%| ngE^|c +519,
fruuhvsrqglqj wr wkh glhuhqfh ehwzhhq lwv uhyhqxh 6?E%|c |3En ^|,| dqg lwv
frvwv iru oderu dqg sulru lqsxwv1 Wkh sulru lqsxwv KE%| ngE^| duh qdqfhg e|
lvvxlqj erqgv/ vr wdnlqj dffrxqw ri lqwhuhvw/ wkh frvw lv E n o|3EKE%| ngE^|1
Wkh surw/ li dq|/ lv lpphgldwho| glvwulexwhg wr wkh krxvhkrog dv wkh up*v rqo|
vkduhkroghu1
Wkh lqsxw uhtxluhphqw ixqfwlrqv KE%| dqg gE^| duh dvvxphg wr eh wzlfh
frqwlqxrxvo| glhuhqwldeoh dqg wr kdyh wkh iroorzlqj surshuwlhv=
gEf ’ fcg Ef ’ fcg E^ : f iru doo ^c +51:,
KEf ’ fcKEf ’ fcKE% : f iru doo %c +51;,
;
vr lqyhvwphqwv lq lqqrydwlrqv dqg lq fdsdflw| duh erwk vxemhfw wr ghfuhdvlqj uh0
wxuqv1
Zh dvvxph wkdw upv wdnh sulfhv dv zhoo dv hfrqrp|zlgh surgxfwlylw| lqgl0
fdwruv dv jlyhq1 Iru jlyhq |3/ |/ dqg o|3/ d up wkdw frqvlghuv surgxfwlrq
dw | fkrrvhv lwv oderu lqsxw ,|/ fdsdflw| %|/ dqg surgxfwlylw| jurzwk udwh ^| wr
pd{lpl}h wkh surw Z| dv jlyhq lq +519,1
Sursrvlwlrq 51 Iru dq| |3/ |/ dqg o|3/ wkh pd{lpxp ohyho ri surwv wkdw d
up fdq dfklhyh lv qrqqhjdwlyh1 Li | : f/ n o|3 : f/ d surwpd{lpl}lqj sodq
iru surgxfwlrq dw gdwh | vdwlvhv
%| ’ |3 E n ^| ,| +51<,
Li pruhryhu wkh pd{lpxp ohyho ri surwv wkdw d up fdq dfklhyh e| surgxflqj dw
gdwh | lv }hur exw d surwpd{lpl}lqj surgxfwlrq sodq E,|c %|c ^| lqyroyhv %| : f/
wkhq
%| plqlpl}hv
gE^| n KE%|
%|
c +5143,
^| : fc +5144,
dqg
^| plqlpl}hv
|
|3E n ^|
n E n o|3E^|c +5145,
zkhuh
E^| G’ 6?
%
gE^| n KE%|
%|
 +5146,
Surri1 Qrqqhjdwlylw| ri pd{lpxp surwv iroorzv iurp wkh idfw wkdw }hur
surgxfwlrq lv ihdvleoh zlwk }hur frvwv1 Li | : f dqg  n o|3 : f/ wkhq lq ylhz
ri wkh Ohrqwlhi vshflfdwlrq +518,/ oderu ghpdqg zloo reylrxvo| eh pdwfkhg wr
fdsdflw|/ |lhoglqj +51<,1 Li E,|c %|c ^| pd{lpl}hv surwv/ %| : f/ exw pd{lpxp
surwv duh }hur/ l1h1/
f ’ Z| ’ 6?E%|c |3 E n ^| ,| |,|  E n o|3EgE^| n KE%|
’ %|  |%|*|3E n ^| E n o|3EgE^| n KE%|
’ %|d |*|3E n ^| E n o|3EgE^| n KE%|*%|oc
<
wkhq E%|c ^| pxvw eh plqlpl}lqj h{shfwhg xqlw frvwv/
|
|3E n ^|
n E n o|3
gE^| n KE%|
%|

Wklv lpphgldwho| |lhogv +5143, dqg +5145,1 Srvlwlylw| ri ^|/ l1h1/ +5144, iroorzv iurp
+5143, lq frpelqdwlrq zlwk wkh revhuydwlrq wkdw/ e| +51:,/ ^| ’ f zrxog lpso| wkdw
gE^| ’ f/ dqg/ e| +51;,/ wkdw EgE^| n KE%|*%| kdv d xqltxh lqpxp zklfk lv
dssurdfkhg dv %| jrhv wr }hur1
Iru jlyhq gdwd E|3c |c o|3/ wkh up*v pd{lpl}dwlrq sureohp lv qrw frqyh{/
vr txlwh jhqhudoo| lw zloo kdyh pruh wkdq rqh vroxwlrq1 Wklv lvvxh dulvhv dw wzr
ohyhov= +l, Li wkh pd{lpxp surw ohyho lv }hur dqg wklv lv uhdfkhg zlwk srvlwlyh
surgxfwlrq/ wkhq reylrxvo| surwv duh dovr pd{lpl}hg e| fkrrvlqj qrw wr surgxfh
dw doo1 +ll, Wkhuh pljkw eh vhyhudo glvwlqfw surwpd{lpl}lqj surgxfwlrq sodqv
zlwk srvlwlyh surgxfwlrq1 Ri wkhvh wzr srvvlelolwlhv/ wkh uvw rqh lv dq hvvhqwldo
lqjuhglhqw ri wkh prgho/ dulvlqj iurp wkh idfw wkdw wkh lqqrydwlrq lqyhvwphqwgE^|
dfwv olnh d {hg/ l1h1/ rxwsxwlqghshqghqw/ frvw ri surgxfwlrq1 Zkhwkhu upv zdqw
wr surgxfh ru qrw/ ghshqgv rq zkhwkhu wkh h{fhvv ri uhyhqxhv ryhu yduldeoh frvwv
lv hqrxjk wr fryhu wklv {hg frvw ru qrw> dw wkh erxqgdu| ehwzhhq wkh wzr uhjlrqv/
wkh| duh mxvw lqglhuhqw ehwzhhq wkh wzr dowhuqdwlyhv dqg dv lq rwkhu prghov zlwk
{hg frvwv/ wkh wudqvlwlrq iurp rqh dowhuqdwlyh wr wkh rwkhu lv qrw frqwlqxrxv1
Dv iru dq hyhqwxdo pxowlsolflw| ri surwpd{lpl}lqj surgxfwlrq sodqv zlwk
srvlwlyh surgxfwlrq/ zh qrwh wkdw wklv ghshqgv rq wkh fxuydwxuh ri wkh xqlwfrvw
ixqfwlrq  E wkdw lv ghqhg lq +5146,1 Xqghu wkh jlyhq dvvxpswlrqv +51:, dqg
+51;,/ iru jlyhq ^| : f/ wkh plqlpl}dwlrq sureohp +5143, wkdw jryhuqv wkh fkrlfh ri
%| kdv d xqltxh vroxwlrq/ exw li wkh ixqfwlrq  E lv qrw frqyh{/ zh gr qrw nqrz
zkhwkhu wklv lv dovr wuxh iru wkh plqlpl}dwlrq sureohp +5145, wkdw jryhuqv wkh
fkrlfh ri ^|1 Wr dyrlg wklv gl!fxow|/ zh iroorz EhvwhuShwudnlv +4<<;, dqg lpsrvh
wkh dgglwlrqdo frqglwlrqv=
g E^ 
dg E^o2
2gE^
iru doo ^ : fc +5147,
KE% 
2 dKE%% KE%o
%2
iru doo % : f +5148,
Zlwk wkhvh frqglwlrqv zh rewdlq=
Ohppd 41 Li K E dqg g E vdwlvi| +5147, dqg +5148, lq dgglwlrq wr +51:, dqg
+51;,/ wkhq
+d, Iru dq| ^ : f/ wkhuh h{lvwv d xqltxh %E^ : f wkdw plqlpl}hv EgE^nKE%*%1
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Wklv %E^ lv frqwlqxrxv dqg lqfuhdvlqj lq ^c zlwk ,6^<f%E^ ’ f1
+e, Wkh ixqfwlrq  E wkdw lv ghqhg lq +5146, lv wzlfh frqwlqxrxvo| glhuhqwldeoh/
vwulfwo| lqfuhdvlqj dqg frqyh{ rq ?nn/ zlwk ,6^<fE^ ’ f dqg ,6^<f
E^ ’s
g EfKEf1
Wkh surri ri wklv ohppd lv jlyhq lq Dsshqgl{ 9141 Zh lpphgldwho| xvh lw wr
vwdwh dqg suryh=
Sursrvlwlrq 61 Li K E dqg g E vdwlvi| +5147, dqg +5148, lq dgglwlrq wr +51:,
dqg +51;,/ wkhq
+d, Li |*|3E n o|3 :
s
g EfKEfc wkhq wkh sureohp +5145, ri plqlpl}0
lqj xqlw frvw kdv d xqltxh vroxwlrq ^|> wklv vroxwlrq lv srvlwlyh dqg lv fkdudfwhul}hg
e| wkh uvwrughu frqglwlrq
|
|3E n o|3
’ E n ^|
2 E^| +5149,
+e, Li |*|3E n o|3 
s
g EfKEf/ wkhq wkh sureohp +5145, ri plqlpl}lqj
xqlw frvw kdv qr vroxwlrq1 Dq lqpxp lv dssurdfkhg dv ^| frqyhujhv wr }hur +dqg
%E^| frqyhujhv wr }hur,1
Surri1 +d, Frqvlghu wkh xqlwfrvw ixqfwlrq ^ $ |*|3En^nEno|3E^/
ghqhg rq ?nn1 Wklv ixqfwlrq lv glhuhqwldeoh1 Lwv vorsh lv |*|3E n ^
2 n
E n o|3
E^> e| Ohppd 4/ wklv lv lqfuhdvlqj lq ^1 Li |*|3E n o|3 :s
g EfKEf ’ ,6^<f
E^/ wklv vorsh lv vwulfwo| qhjdwlyh iru ^ qhdu }hur1 Iru ^
vx!flhqwo| kljk/ wklv vorsh lv reylrxvo| srvlwlyh/ l1h1/ wkh xqlwfrvw ixqfwlrq lv uvw
ghfuhdvlqj dqg wkhq lqfuhdvlqj lq wkh lqqrydwlrq udwh ^1 Dw wkh srlqw ^ : f zkhuh
wkh vorsh fkdqjhv vljqv/ wkh xqlwfrvw ixqfwlrq kdv d plqlpxp> wklv lv xqltxh dqg
lv fkdudfwhul}hg e| wkh uvwrughu frqglwlrq +5149,1
+e, |*|3E n o|3 :
s
g EfKEf ’ ,6^<f
E^/ wkh xqlw0frvw ixqfwlrq
^ $ |*|3E n ^ n E n o|3E^ lv lqfuhdvlqj hyhu|zkhuh/ vr lw kdv qr plql0
pxp rq ?nn1 Dq lqpxp lv dssurdfkhg dv ^ jrhv wr }hur1
Dsduw iurp surylglqj iru wkh uhjxodulw| ri up ehkdylru wkdw lv hqwdlohg e|
frqyh{lw| ri wkh ixqfwlrq  E/ Sursrvlwlrq 6 vkrzv wkdw xqghu rxu dvvxpswlrqv
lqqrydwlyh dfwlylw| dqg surgxfwlrq zloo dozd|v jr wrjhwkhu1 Hlwkhu d up grhvq*w
surgxfh dqg wkhq lw grhvq*w lqqrydwh/ ru lw surgxfhv/ dqg wkhq lw dozd|v zdqwv
wr kdyh vrph lqqrydwlyh dfwlylw| dv zhoo1 Wklv odwwhu/ udwkhu vwurqj/ uhvxow lv gxh
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wr wkh +vwurqj, dvvxpswlrq wkdw zlwk gEf ’ f dqg g Ef ’ f/ wkh uvw xqlw ri
lqqrydwlyh dgglwlylw| lv edvlfdoo| frvwohvv1 Dv orqj dv d up sodqv wr kdyh vrph
srvlwlyh surgxfwlrq/ lw pd| dv zhoo dydlo lwvhoi ri wklv fkhds srvvlelolw| ri uhgxflqj
wkh frvw ri lwv oderu1
515151 Wkh Surgxfwlrq Vhfwru= Hfrqrp|Zlgh Djjuhjdwhv
Wxuqlqj wr wkh surgxfwlrq vhfwru dv d zkroh/ zh uhsuhvhqw wkh vhw ri doo upv
e| wkh vhw ?n ri srvlwlyh uhdo qxpehuv/ xvlqj Ohehvjxh phdvxuh wr uhsuhvhqw wkh
zhljkwv ri vxevhwv ri upv uhodwlyh wr wkh krxvhkrog1 Iru lqvwdqfh li doo upv wkdw
duh dfwlyh dw vrph gdwh | kdyh wkh vdph surgxfwlrq sodq E,|c %|c ^| iru wklv gdwh
dqg li wkh vhw ri wkhvh upv kdv Ohehvjxh phdvxuh ?|c zh vd| wkdw djjuhjdwh oderu
ghpdqg dw | lv ?|,|/ zklfk lv wr eh frpsduhg zlwk wkh krxvhkrog*v oderu vxsso| u1
Lq lghqwli|lqj wkh vhw ri doo upv zlwk ?n/ zh lpsolflwo| lqwurgxfh d iuhhhqwu|
frqglwlrq1 Jlyhq wkdw oderu vxsso| lv erxqghg/ lq dq| jlyhq shulrg wkh vhw ri upv
hpsor|lqj pruh wkdq vrph 0 : f xqlwv ri oderu dqg surgxflqj pruh wkdq vrph
# : f xqlwv ri rxwsxw pxvw kdyh erxqghg phdvxuh dqg khqfh pxvw eh vpdoohu
wkdq wkh vhw ri doo upv1 Jlyhq wkdw doo upv kdyh dffhvv wr wkh vdph whfkqrorj|/
wklv lpsolhv wkdw lq dq| htxloleulxp lq dq| shulrg pd{lpxp surwv ri dq| up dw
htxloleulxp sulfhv duh }hur vr surwv duh wkh vdph iru upv wkdw fkrrvh wr surgxfh
dqg upv wkdw fkrrvh wr vwd| rxw1
Jlyhq wkdw pd{lpxp surwv lq dq| shulrg | duh }hur/ Sursrvlwlrqv 5 dqg 6
lpso| wkdw doo upv wkdw duh dfwlyh lq wklv shulrg zloo fkrrvh wkh vdph surgxfwlrq
sodq E,|c %|c ^|1 Ohw ?| eh wkh phdvxuh ri wklv vhw ri upv1 Wklv phdvxuh ?| zloo
ghwhuplqh wkh ryhudoo lpsdfw ri upv surgxflqj lq shulrg | rq pdunhwv lq shulrgv
|   dqg |1 Jlyhq wkh lqglylgxdo surgxfwlrq sodq E,|c %|c ^| iru gdwh | dqg wkh
phdvxuh ?| ri dfwlyh upv/ wkh surgxfwlrq vhfwru ri wkh hfrqrp| h{suhvvhv dq
djjuhjdwh lqyhvwphqw ghpdqg iru ?| EgE^| n KE%| xqlwv ri wkh pdqxidfwxuhg
jrrg dw gdwh |  / lq frpelqdwlrq zlwk dq djjuhjdwh erqg vxsso| htxdo wr E n
o|3?|EgE^| n KE%| xqlwv ri wkh pdqxidfwxuhg jrrg dw gdwh |1 Dw gdwh | lwvhoi/
wkh surgxfwlrq vhfwru h{suhvvhv dq djjuhjdwh jrrgv vxsso| htxdo wr ?|%| dqg dq
djjuhjdwh oderu ghpdqg htxdo wr ?|,|1
Iru upv dfwlyh lq shulrg / zh pxvw pdnh vrph dvvxpswlrq derxw lqlwldo
frqglwlrqv/ lq sduwlfxodu derxw fdsdflwlhv dqg surgxfwlylwlhv1 Wdnlqj rxu fxh iurp
wkh suhfhglqj dffrxqw ri up ehkdylru lq odwhu shulrgv/ zh dvvxph wkdw dv ri gdwh
/ wkhuh lv d vhw ri phdvxuh ? ri upv doo ri zklfk kdyh wkh vdph lqvwdoohg fdsdflw|
% dqg oderu surgxfwlylw| @ ’ fEn^1 Wkhvh upv dovr kdyh rxwvwdqglqj ghew
reoljdwlrqv htxdo wr f rq djjuhjdwh/ ru f*? shu up> wklv lv wkh frxqwhusduw
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ri wkh krxvhkrog*v lqlwldo kroglqjv1 Iru qrwdwlrqdo frqyhqlhqfh zh zulwh
f ’ E n of?EgE^ n KE%c +514:,
exw rwkhuzlvh/ zh wuhdw wkh upv* sulru lqyhvwphqwv dw gdwh f dv vxqn dqg wkxv
rxwvlgh wkh vfrsh ri rxu dqdo|vlv1 Lqlwldo frqglwlrqv ri wkh surgxfwlrq vhfwru duh
wkxv vxppdul}hg e| wkh phdvxuh ? ri dfwlyh upv/ wkh lqvwdoohg fdsdflw| % dqg
oderu surgxfwlylw| @ ’ fEn^ ri wkhvh upv/ dqg wkhlu djjuhjdwh lqghewhgqhvv
f1 Wr hqvxuh wkdw srvlwlyh surgxfwlrq lv ihdvleoh dw gdwh czh dvvxph wkdw ? : fc
% : fc dqg @ ’ fE n ^ : f
Wr frqfoxgh rxu dffrxqw ri wkh surgxfwlrq vhfwru/ zh glvfxvv wkh hyroxwlrq ri
wkh hfrqrp|zlgh surgxfwlylw| lqglfdwruv f/ / 2/111 wkdw ghwhuplqh iru hdfk
shulrg wkh edvh iurp zklfk ixuwkhu surgxfwlylw| jurzwk vwduwv1 Jlyhq wkdw iru dq|
|/ doo upv wkdw duh dfwlyh dw gdwh | zloo fkrrvh wkh vdph lqqrydwlrq udwh ^| dqg
uhdfk wkh vdph oderu surgxfwlylw| @|/ lw vhhpv uhdvrqdeoh wr htxdwh wkh djjuhjdwh
surgxfwlylw| lqglfdwru | zlwk wklv frpprq lqglylgxdo surgxfwlylw| ohyho @| dqg
wr vhw
| ’ |3 E n ^| +514;,
iru | ’ c 2c / zlwk f dqg ^ jlyhq e| lqlwldo frqglwlrqv1 Wklv vshflfdwlrq
uh hfwv wkh qrwlrq/ h{suhvvhg deryh/ wkdw diwhu rqh shulrg doo nqrzohgjh ehfrphv
hperglhg lq wkh hfrqrp|zlgh surgxfwlylw| lqglfdwru dqg lv qr orqjhu dydlodeoh
iru sursulhwdu| xvh1
Dw d frqfhswxdo ohyho/ wkh vshflfdwlrq +514;, lv lqfrpsohwh ehfdxvh zh vd|
qrwklqj derxw wkh ghyhorsphqw ri surgxfwlylw| lqglfdwruv zkhq upv fkrrvh gli0
ihuhqw udwhv ri lqqrydwlrq1 Wr gr vr dqg wr forvh wkh prgho/ zh pljkw htxdwh |c
h1j1/ wr wkh furvvvhfwlrq dyhudjh ru wr wkh furvvvhfwlrq pd{lpxp ri wkh sur0
gxfwlylw| ohyhov @s| uhdfkhg e| glhuhqw upv s zlwk srvvleo| glhuhqw fkrlfhv ri
surgxfwlylw| jurzwk udwhv ^s|  Iru rxu sxusrvhv khuh/ wklv grhv qrw pdwwhu ehfdxvh
zh vkdoo qrw dfwxdoo| kdyh wr zruu| derxw vlwxdwlrqv zkhuh glhuhqw upv fkrrvh
glhuhqw lqyhvwphqwv lq lqqrydwlrq1
5161 Lqwhuwhpsrudo Jhqhudo Frpshwlwlyh Htxloleulxp
Zh qrz frqvlghu wkh frruglqdwlrq ri dfwlylwlhv wkurxjk sulfhv1 Zh uhihu wr d
vhtxhqfh i|c o|j ri uhdo zdjhv dqg uhdo lqwhuhvw udwhv iru shulrgv | ’ c 2c  dv d
sulfh v|vwhp1 E| dq doorfdwlrq zh xqghuvwdqg d vhtxhqfh iS|c u|c 
_
| c ?|c ,|c %|c ^|j
frpsulvlqj d vwudwhj| iS|c u|c 
_
| j iru wkh krxvhkrog dqg/ iru hdfk |/ d phdvxuh ?|
ri upv dfwlyh dw |/ dqg d surgxfwlrq sodq E,|c %|c ^| iru wkhvh upv1 Dq htxloleulxp
zloo fruuhvsrqg wr sulfh v|vwhp i|c o|j/ dq doorfdwlrq iS|c u|c 
_
| c ?|c ,|c %|c ^|j/ dqg
d vhtxhqfh i|c |j ri glvwulexwhg djjuhjdwh surwv dqg surgxfwlylw| lqglfdwruv
wkdw vdwlvi| wkh iroorzlqj frqglwlrqv=
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+H4, Jlyhq wkh sulfh v|vwhp i|c o|j dqg wkh glvwulexwhgsurw vhtxhqfh i|j/
wkh vwudwhj| iS|c u|c 
_
| j pd{lpl}hv wkh krxvhkrog*v xwlolw| +514, xqghu wkh
frqvwudlqwv +515, dqg +516,1
+H5, Iru dq| |/ wkh surw glvwulexwlrq | zklfk wkh krxvhkrog h{shfwv wr uhfhlyh
lv htxdo wr wkh dfwxdo djjuhjdwh ri surwv ri upv dfwlyh dw |/ l1h1
| ’ ?|d6?E%|c |3E n ^|,| |,|  E n o|3EgE^| n KE%|o +514<,
+H6, Jlyhq wkh surgxfwlylw| lqglfdwru |3/ wkh uhdo zdjh |/ dqg wkh uhdo lqwhuhvw
udwh o|3/ iru dq| | : / wkh surgxfwlrq sodq E,|c %|c ^| pd{lpl}hv wkh surw
+519, ri d up dfwlyh dw | Iru | ’ / wkh oderu lqsxw , pd{lpl}hv wkh surw
+519, ri d up dfwlyh dw wklv gdwh1
+H7, Jlyhq wkh surgxfwlylw| lqglfdwru |3/ wkh uhdo zdjh |/ dqg wkh uhdo lqwhuhvw
udwh o|3/ iru dq| | : / wkh surw +519, ri wkh surwpd{lpl}lqj surgxfwlrq
sodq E,|c %|c ^| lv htxdo wr }hur1
+H8, Iru dq| |/
S| n ?|n Eg E^|n n K E%|n ’ ?|4? E%|c |3E n ^|,|  +5153,
+H9, Iru dq| |/ u|  ?|,| / zlwk d vwulfw lqhtxdolw| rqo| li | ’ f1
+H:, Iru dq| |/
_| ’ E n o|?|n Eg E^|n n K E%|n 
+H;, Iru dq| |/ wkh lqglfdwruv | vdwlvhv wkh xsgdwlqj frqglwlrq +514;,1
Rxu frqfhsw ri htxloleulxp hperglhv wkh xvxdo qrwlrqv ri pdunhw fohdulqj dqg
udwlrqdo h{shfwdwlrqv/ dv lqwurgxfhg lq Udgqhu*v +4<:5, htxloleulxp ri sodqv/
sulfhv dqg sulfh h{shfwdwlrqv1 Djhqwv duh dvvxphg wr pdnh wkhlu sodqv lqlwldoo|
rq wkh edvlv ri h{shfwdwlrqv derxw wkh hqwluh ixwxuh/ wkh krxvhkrog rq wkh edvlv
ri h{shfwdwlrqv derxw wkh sulfh v|vwhp i|c o|j dqg wkh vhtxhqfh i|j ri glyl0
ghqg glvwulexwlrqv/ wkh upv rq wkh edvlv ri h{shfwdwlrqv derxw wkh sulfh v|vwhp1
Jlyhq wkh duud| ri fkrvhq sodqv/ lq hdfk shulrg |/ pdunhwv dfwxdoo| fohdu dw wkh
sdlu E|c o| dqg djjuhjdwh surwv dfwxdoo| dprxqw wr wkh ohyho | wkdw kdg ehhq
dqwlflsdwhg iru wklv shulrg1
Dprqj wkh htxloleulxp frqglwlrqv/ +H4, uhodwhv wkh doorfdwlrq wr wkh krxvh0
krog*v xwlolw| pd{lpl}dwlrq dw jlyhq h{shfwdwlrqv derxw sulfhv dqg glylghqgv1
Udwlrqdolw| ri klv h{shfwdwlrqv derxw surwv dqg glylghqgv lv hqvxuhg e| +H5,1
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Frqglwlrq +H6, dvvhuwv wkdw dfwlyh upv pd{lpl}h surwv> surw pd{lpl}dwlrq
e| lqdfwlyh upv lv lpsolhg e| wkh }hursurw frqglwlrq +H7,1 +H8,+H:, duh wkh
pdunhwfohdulqj frqglwlrqv/ +H8, iru pdqxidfwxuhg jrrgv/ +H9, iru oderu/ dqg +H:,
iru erqgv1 Lq +H9,/ zh pxvw doorz iru wkh srvvlelolw| ri h{fhvv vxsso| ri oderu +dw d
}hur zdjh, ehfdxvh lq ylhz ri wkh vwulfw frpsohphqwdulw| ehwzhhq fdsdflw| lqsxwv
dqg oderu wklv fdqqrw eh uxohg rxw1
D ixuwkhu frpphqw pd| eh zduudqwhg derxw frqglwlrq +H5,1 Jlyhq wkdw zh
kdyh vdlg qrwklqj derxw wkh sulru fkrlfhv ri upv dfwlyh dw | ’ / lw lv txlwh srvvleoh
iru  wr eh qhjdwlyh/ lpso|lqj wkdw wkh krxvhkrog pxvw sd| lq dgglwlrqdo ixqgv
wr edlo rxw klv upv1 Zh pdnh wklv dvvxpswlrq iru qrwdwlrqdo frqyhqlhqfh rqo|/
ehfdxvh zh zdqw wr dyrlg jrlqj lqwr ghwdlov derxw zdjh sd|phqwv ru ghew vhuylfh
ri d edqnuxsw up zkhq wkhuh lv olplwhg oldelolw| ri vkduhkroghuv1 Jlyhq wkdw wkhuh
lv rqo| rqh krxvhkrog/ wkh vshflfdwlrq ri oldelolw| uxohv iru vwrfnv dqg erqgv dw
gdwh  grhv qrw dfwxdoo| pdwwhu ehfdxvh uhjdugohvv ri vxfk uxohv/ wkh vxp ri zdjh
hduqlqjv/ ghew vhuylfh dqg surwv uhfhlyhg e| wklv krxvhkrog dw gdwh  pxvw htxdo
wkh rxwsxw 6?E%c , dw wklv gdwh +Khoozlj +4<<6,,1 Lq rxu wuhdwphqw wklv lv
h{dfwo| lpsolhg e| wkh exgjhw frqvwudlqw +515,/ wkh frqvlvwhqf| frqglwlrq +514:,/
+H5, dqg +H9,1
Lq vshfli|lqj d frqvlvwhqw flufxodu  rz ri lqfrph/ frqglwlrq +H5, dovr hqvxuhv
wkh ydolglw| ri Zdoudv* Odz lq hdfk shulrg |/ vr rqh ri wkh pdunhwfohdulqj frqgl0
wlrqv lv vxshu xrxv1 Wr vhh wklv/ xvh +515, dqg +514<, wr zulwh wkh h{fhvv ghpdqg
iru erqgv dw gdwh |/ _|  E n o|?|n Eg E^|n n K E%|n c lq wkh irup
E n o|

|u| n
_
|3 n ?|d6?E%|c |3E n ^|,| |,|
E n o|3 Eg E^| n K E%|o S|  ?|n EgE^|n n K E%|no
’ E n o|d| Eu|  ?|,| n
_
|3  ?|E n o|3 Eg E^| n K E%|o
n?|d6?E%|c |3E n ^|,| S|  ?|nEgE^|n n K E%|no
zklfk lv dxwrpdwlfdoo| htxdo wr }hur li +H8, dqg +H9, krog iru | dqg +H:, krogv
iru |  1 Jlyhq wkdw wkh lqlwldo frqglwlrq +514:, hqwdlov wkh dqdorjxh ri +H:, iru
| ’ f/ lw iroorzv wkdw iru hyhu| | wkh erqg pdunhw frqglwlrq +H:, lv uhgxqgdqw1
61 Lqwhuwhpsrudo Frpshwlwlyh Htxloleulxp dqg Jurzwk
6141 Htxloleulxp Jurzwk= Wkh Pdlq Uhvxow
Lq wkh iroorzlqj zh ghyhors wkh pdlq uhvxow ri rxu dqdo|vlv1 Zh jlyh d vlpsoh
frqglwlrq iru h{lvwhqfh ri htxloleulxp1 Wkh htxloleulxp lv xqltxh dqg kdv d vwd0
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wlrqdu| vwuxfwxuh/ lqyroylqj surgxfwlylw| jurzwk dqg rxwsxw jurzwk dw d frqvwdqw
udwh iurp gdwh 2 rq1
Wkhruhp 6141 Dvvxph wkdw
s
g  Ef K Ef 	 q Wkhq wkhuh h{lvwv d xqltxh
htxloleulxp1 Wkh htxloleulxp kdv d frqvwdqw jurzwk udwh ^W : f vr wkdw iru
| ’ 2c c / wkh htxloleulxp sulfh v|vwhp dqg doorfdwlrq vdwlvi| wkh iroorzlqj=
+4, |n ’ E n ^
W|/
+5, o| ’ E n ^
W*q  /
+6, ^|n ’ ^
W/
+7, |n ’ E n ^
W|/
+8, %|n ’ % E^
W ’ @o}6?dEgE^W n KE% *%o/
+9, ,|n ’ ,|*E n ^
W ’ % E^W *|n/
+:, ?|n ’ E n ^
W?| ’ |nu*% E^
W/
+;, S|n ’ E n ^
WS| ’ q|nun E q|nu/
+<, _| ’ qE|  |u ’ ?|ndgE^
W n KE% E^Wo*E n o|1
Li
s
g  Ef K Ef  q dq htxloleulxp idlov wr h{lvw1
Zh ghihu wkh surri ri wklv uhvxow wr wkh qh{w vhfwlrq dqg uvw glvfxvv wkh qdwxuh
ri wkh htxloleulxp1 Wkh htxloleulxp kdv d frqvwdqw udwh ri lqqrydwlrq ^W : f/ d
frqvwdqw fdsdflw| lqyhvwphqw dqg d frqvwdqw rxwsxw shu up1 Hpsor|phqw dw
dq| rqh up ghfuhdvhv dw wkh udwh ri surgxfwlylw| jurzwk1 Wklv lv gxh wr wkh idfw
wkdw rxwsxw shu up lv frqvwdqw/ vr dv surgxfwlylw| jurzv/ wklv rxwsxw lv surgxfhg
zlwk ohvv oderu1
Wkh uhgxfwlrq ri hpsor|phqw shu up lv frpshqvdwhg e| jurzwk lq wkh qxp0
ehu ri upv wkdw duh dfwlyh1 Wkh phdvxuh ?| ri wkh vhw ri dfwlyh upv jurzv dw
wkh udwh ^W vr djjuhjdwh rxwsxw ?|%| jurzv dw wkh udwh ^
W dqg djjuhjdwh hpsor|0
phqw ?|%|*| lv frqvwdqw dw wkh ohyho u wkdw fruuhvsrqgv wr wkh krxvhkrog*v oderu
vxsso|1
Wkh jurzwk ri surgxfwlylw| dqg rxwsxw lv pdwfkhg e| uhdozdjh dqg frqvxps0
wlrq jurzwk1 Wkh lqwulfdwh lqwhughshqghqfh ri wkhvh irxu yduldeohv vwdqgv dw wkh
fhqwhu ri wkh hqwluh jurzwk surfhvv1 Ohdylqj dvlgh iru wkh prphqw wkh uroh ri wkh
lqwhuhvw udwh/ iurp wkh shuvshfwlyh ri wkh surgxfwlrq vhfwru/ surgxfwlylw| jurzwk
dqg zdjh jurzwk duh uhodwhg e| wkh frqglwlrqv wkdw iru d jlyhq ohyho ri fxuuhqw
surgxfwlylw| +l, wkh +h{shfwhg, ixwxuh zdjh ghwhuplqhv upv* lqyhvwphqwv lq sur0
gxfwlylw| lpsuryhphqwv/ dqg +ll, fxuuhqw surgxfwlylw| lpsuryhphqwv ghwhuplqh
wkh ixwxuh zdjh dw zklfk wkh dfwlyh upv zloo mxvw euhdn hyhq1 Iru d jlyhq ohyho
ri wkh lqwhuhvw udwh/ surgxfwlylw| jurzwk dqg zdjh jurzwk duh mrlqwo| +dqg lqghhg
xqltxho|, ghwhuplqhg e| wkhvh rswlpl}dwlrq dqg iuhhhqwu| frqglwlrqv1
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Wkh U)G lqyhvwphqw ri wkh lqglylgxdo up lv lqghhg qdqfhg e| lqiudpdujlqdo
uhqwv1 Iurp wkh surw ixqfwlrq ri wkh lqglylgxdo up +519, lq frqmxqfwlrq zlwk
+51<, lw lv fohdu wkdw pdujlqdo frvw sulflqj uhtxluhv wkdw iru | : 
 ’
|
|3 E n ^|
n E n o|3 K
 E%| 
Ehfdxvh dq lqyhvwphqw lq fdsdflw| lv vxemhfw wr ghfuhdvlqj uhwxuqv wklv jlyhv ulvh
wr d uhqw/ l1h1/ dq h{fhvv ri uhyhqxhv ryhu yduldeoh surgxfwlrq frvwv Xvlqj - wr
ghqrwh wklv uhqw/ zh kdyh
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Dw wkh htxloleulxp ydoxhv ri |3c |c o|3c dqg %| ’ % E^
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  Dw wkh vdph wlph
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g
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2 /
l1h1/ upv xvh wkhlu lqqrydwlyh dfwlylw| wr udlvh wkh lqiudpdujlqdo uhqw-/ dqg dw wkh
htxloleulxp ydoxhv ri |3/ |/ o|3c dqg %| ’ % E^
W c ^| ’ ^
W/ wkh pdujlqdo hhfw
ri dq lqfuhdvh lq ^ rq - lv mxvw edodqfhg e| wkh pdujlqdo frvw ri wklv lqfuhdvh1
Dv lq rwkhu prghov ri hqgrjhqrxv jurzwk/ vhh/ h1j1/ Jurvvpdq dqg Khospdq
+4<<4,/ Djklrq dqg Krzlww +4<<5,/ wkh vxvwdlqhg qdwxuh ri wkh jurzwk surfhvv
uhvwv rq wkh dvvxpswlrq wkdw lqqrydwlyh dfwlylw| lq rqh shulrg lpsuryhv wkh whfk0
qrorj| qrw rqo| lq surgxfwlrq exw dovr lq vxevhtxhqw lqqrydwlyh dfwlylw|1 Zh xvh
d sduwlfxoduo| vwurqj yhuvlrq ri wklv dvvxpswlrq1 Qrw rqo| gr zh dvvxph wkdw
fxuuhqw lqqrydwlrqv dgg wr wkh vwrfn ri nqrzohgjh lq wkh vhqvh ri ghqlqj wkh
vwduwlqj srlqw iru vxevhtxhqw lqyhvwphqw lq lqqrydwlrq1 E| xvlqj pdqxidfwxuhg
jrrgv udwkhu wkdq oderu dv lqsxwv lqwr lqqrydwlyh dfwlylw|/ zh dovr hqvxuh wkdw wkh
lqqrydwlrq whfkqrorj| lwvhoi sduwdnhv ri wkh whfkqrorjlfdo dgydqfh= Dv oderu sur0
gxfwlylw| jurzv/ wkh zrunlqj krxuv qhhghg wr surgxfh wkh lqsxwv lqwr lqqrydwlyh
dfwlylw| vkulqn/ zklfk pdnhv lw srvvleoh wr vxvwdlq d jlyhq srvlwlyh udwh ri lqqr0
ydwlrq hyhq dv hyhu pruh upv hqjdjh lq lqqrydwlrq dqg surgxfwlrq1 Xqghuo|lqj
wklv frqvlghudwlrq lv wkh pruh jhqhudo lvvxh ri krz whfkqlfdo surjuhvv dhfwv wkh
lqqrydwlrq whfkqrorj| lwvhoi1 Zh ohdyh wklv lvvxh iru wkh prphqw/ exw zloo uhwxuq
4:
wr lw zkhq zh glvfxvv wkh urexvwqhvv ri rxu dqdo|vlv lq wkh qdo vhfwlrq ri wkh
sdshu1
Dv lqglfdwhg e| +;, dqg +<,/ wkh jurzwk ri zdjhv dqg rxwsxw dovr ihhgv lqwr
frqvxpswlrq dqg lqyhvwphqw jurzwk1 Htxloleulxp frqvxpswlrq dw dq| gdwh lv
htxdo wr d jlyhq frqyh{ frpelqdwlrq ri uhdo zdjh lqfrph dqg djjuhjdwh rxwsxw dw
wklv gdwh/ vr zlwk ixoo hpsor|phqw ri oderu/ htxloleulxp frqvxpswlrq jurzv dw wkh
vdph udwh ^W dv oderu surgxfwlylw| dqg wkh uhdo zdjh udwh1 Htxloleulxp lqyhvwphqw
dw dq| gdwh | lv htxdo wr ?|n wlphv wkh lqyhvwphqw up/ Eg E^
W n K E% E^W/ wkdw
lv uhtxluhg iru wkh lqqrydwlrq udwh ^W dqg rxwsxw fdsdflw| % E^W/ vr wklv jurzv dw
wkh vdph udwh ^W dv wkh qxpehu ri dfwlyh upv1 Wklv jurzwk lq frqvxpswlrq
dqg lqyhvwphqw hqvxuhv wkdw wkh jurzwk lq djjuhjdwh surgxfwlrq lv pdwfkhg e| d
fruuhvsrqglqj jurzwk lq ghpdqg1
Krzhyhu/ iurp wkh shuvshfwlyh ri wkh frqvxphu*v rswlpl}dwlrq sureohp/ frq0
vxpswlrq jurzwk lv d pdwwhu ri uhodwlyh lqwhuwhpsrudo sulfhv udwkhu wkdq lqfrph
jurzwk1 Dv lqglfdwhg e| wkh uvwrughu frqglwlrq +517, iru wkh frqvxphu*v rswl0
pl}dwlrq sureohp/ ehwzhhq wzr shulrgv | dqg |n/ frqvxpswlrq jurzwk dw d udwh
^| lv zduudqwhg li dqg rqo| li
 n ^| ’ q E n o|  +614,
Zlwk ^| ’ ^
W/ wklv vkrzv zk| wkh lqwhuhvw udwh pxvw vdwlvi| frqglwlrq +5, lq wkh
wkhruhp1
Dv lq rwkhu lqwhuwhpsrudo prghov/ wkh lqwhuhvw udwh sod|v d fhqwudo uroh lq
wkh frruglqdwlrq ri dfwlylwlhv ehwzhhq wkh krxvhkrog vhfwru dqg wkh surgxfwlrq
vhfwru1 Dv h{sodlqhg deryh/ iru d jlyhq surgxfwlylw| ohyho dw gdwh |/ d surgxfwlylw|
jurzwk udwh ^| dqg d uhdo zdjh udwh |n duh ghwhuplqhg mrlqwo| e| wkh upv*
rswlpl}dwlrq dqg iuhhhqwu| frqglwlrqv dqg e| wkh lqwhuhvw udwh o|1 Krzhyhu iurp
wkh frqvxphu*v shuvshfwlyh/ d jurzwk udwh ^| dqg lqwhuhvw udwh o| duh frpsdwleoh
rqo| li wkh| dovr vdwlvi| +614,1 Wkh srlqw ri rxu wkhruhp lv wkdw wklv frpelqdwlrq
ri frqglwlrqv kdv h{dfwo| rqh vroxwlrq1
Wr vhh wkh vljqlfdqfh ri wklv srlqw/ jr edfn wr rxu glvfxvvlrq ri Ehvwhu dqg Sh0
wudnlv +4<<;, lq wkh lqwurgxfwlrq1 Lq wkhlu dqdo|vlv ri sduwldo htxloleulxp lq dq lq0
gxvwu| idflqj d {hg ghpdqg ixqfwlrq/ dq lqwhuhvw udwh dqg d frqvwdqw jurzwk udwh
ri zdjhv duh jlyhq h{rjhqrxvo|/ dqg surw pd{lpl}dwlrq ri upv ohdgv +dv|pswrw0
lfdoo|, wr d udwh ri lqqrydwlrq zklfk lv htxdo wr wklv jurzwk udwh> lqgxvwu| rxwsxw
lv dv|pswrwlfdoo| frqvwdqw/ lqgxvwu| hpsor|phqw lv dv|pswrwlfdoo| ghfolqlqj dw d
udwh htxdo wr wkh jurzwk udwh ri zdjhv1 Khuh zh doorz iru surgxfwlylw| jurzwk
wr ihhg edfn lqwr jurzwk ri rxwsxw dqg ghpdqg/ zkhuh krzhyhu wkh jurzwk ri
frqvxpswlrq ghpdqg pxvw vdwlvi| wkh krxvhkrog*v rswlpdolw| frqglwlrqv1 Jlyhq
wklv uhtxluhphqw/ wkh lqwhuhvw udwh dqg wkh mrlqw jurzwk udwh ri zdjhv duh qr orqjhu
h{rjhqrxv/ exw wkhuh lv d xqltxh frpelqdwlrq ri wkhp wkdw lv frpsdwleoh zlwk ixoo
4;
hpsor|phqw lq doo shulrgv1
Wr frqfoxgh wklv lqwurgxfwru| glvfxvvlrq ri wkh wkhruhp/ zh eulh | frp0
phqw rq wkh dvvxpswlrq wkdw
s
g  Ef K Ef 	 q1 Uhfdoo iurp Ohppd 4 wkdws
g  Ef K Ef ’ ,6^<f
E^1 Vxssrvh wkdw zh kdg dq lqwhuhvw udwh o vr wkdw
qE n o ’ / dqg qrwh wkdw e| +614, wklv zrxog eh wkh htxloleulxp lqwhuhvw
udwh li wkh htxloleulxp jurzwk udwh zhuh }hur1 Iru wklv vshflfdwlrq ri o/ q :s
g  Ef K Ef lpsolhv  : E n o ,6^<f
E^1 E| Sursrvlwlrq 6/ wklv lq wxuq
lpsolhv wkdw dw wkh lqwhuhvw udwh o dqg dq h{shfwhg ixwxuh zdjh udwh |n zklfk
lv qrw wrr idu ehorz fxuuhqw surgxfwlylw| | +dqg wkdw lv frpsdwleoh zlwk ryhudoo
surwv ehlqj }hur,/ surwpd{lpl}lqj upv zloo fkrrvh d vwulfwo| srvlwlyh lqqryd0
wlrq udwh ^|n1 Wkh dvvxpswlrq wkdw q :
s
g  Ef K Ef hhfwlyho| hqvxuhv wkdw
dw wkh pdunhw frqglwlrqv fruuhvsrqglqj wr }hur jurzwk/ wkh pdujlqdo frvw ri lq0
yhvwlqj lq oderu surgxfwlylw| lpsuryhphqwv lv ohvv wkdq wkh pdujlqdo ehqhw ri
wkhvh lpsuryhphqwv1
Li wklv pdujlqdo frqglwlrq lv qrw vdwlvhg/ l1h1/ li q 
s
g  Ef K Ef dqg/ iru
o ’ *q/   Eno,6^<f
E^/ wkhuh lv qr htxloleulxp zlwk srvlwlyh jurzwk1
Lqghhg dv lqglfdwhg e| wkh odvw vwdwhphqw ri wkh sursrvlwlrq/ lq wklv fdvh/ wkhuh lv
qr htxloleulxp dw doo1 Wklv frqfoxvlrq lv dq duwhidfw ri wkh vwulfw frqyh{lw| ri wkh
fdsdflw| frvw ixqfwlrq K E lq frpelqdwlrq zlwk wkh srvvlelolw| ri iuhh hqwu|> vwulfw
frqyh{lw| ri K E lpsolhv wkdw surwpd{lpl}lqj/ sulfhwdnlqj upv wkdw fkrrvh
^ ’ f dqg % : f pdnh srvlwlyh surwv1 Zh pljkw zdqw wr wklqn derxw wklv dv
d vlwxdwlrq zlwk dq xqerxqghg phdvxuh ri upv hdfk surgxflqj dq lqqlwhvlpdo
rxwsxw/ exw wklv zrxog wudqvfhqg wkh pdwkhpdwlfdo irupdolvp wkdw zh kdyh khuh1
6151 Surri ri wkh Wkhruhp
Zh suryh wkh wkhruhp lq d vhtxhqfh ri vwhsv/ ghvljqhg wr foduli| wkh hfrqrplfv xq0
ghuo|lqj wkh dqdo|vlv1 Zh ehjlq e| frqvlghulqj wkh lpsolfdwlrqv ri wkh htxloleulxp
frqglwlrqv +H4,+H:, iru d sulfh v|vwhp i|c o|j/ dq doorfdwlrq iS|c u|c 
_
| c ?|c ,|c %|c ^|j/
dqg d vhtxhqfh i|c |j ri glvwulexwhg djjuhjdwh surwv dqg surgxfwlylw| lqglfd0
wruv1
Ohppd 51 Ohw i|c o|j/ iS|c u|c 
_
| c ?|c ,|c %|c ^|j/ i|c |j eh dq htxloleulxp1 Wkhq
iru | ’ 2c c / | : f dqg/  n o|3 : f1
Surri1 Lpphgldwh iurp frqglwlrqv +H6, dqg +H7,= Li | zhuh htxdo wr }hur/
wkhq e| fkrrvlqj %| : f dqg ^| ’ f/ d up surgxflqj dw | zrxog rewdlq srvlwlyh
surwv1 Wklv zrxog dovr eh wkh fdvh li  n o|3 zhuh htxdo wr }hur dqg wkh up
fkrvh %| : f/ forvh wr }hur/ dqg ^| yhu| odujh1
4<
Ohppd 61 Ohw i|c o|j/ iS|c u|c 
_
| c ?|c ,|c %|c ^|j/ i|c |j eh dq htxloleulxp1 Wkhq
iru | ’ 2c c / ?|,| ’ u/ dqg ?|%| ’ |u
Surri1 E| Ohppd 5/ | : f iru | ’ 2c c 1 E| wkh pdunhwfohdulqj frqglwlrq
+H9,/ lw iroorzv wkdw ?|,| ’ u| dqg khqfh/ e| Sursrvlwlrq 4/ ?|,| ’ u iru | ’ 2c c 1
E| Ohppd 5/ Sursrvlwlrq 5/ dqg +H;,/ zh dovr kdyh %| ’ |,| dqg khqfh ?|%| ’
?||,| ’ |u iru | ’ 2c c 1
Iurp Ohppd 6/ zh kdyh %| : f iru | ’ 2c c 1 E| +H6, lq frpelqdwlrq zlwk
Sursrvlwlrqv 5 dqg 6/ lw iroorzv %| ’ %E^| ’ @o}6?dEgE^| n K E% *%o/ ^| : f
dqg ^| ’ @o}6?d|*|E n ^ n E n o|3E^o1 Dv lqglfdwhg e| wkh uvwrughu
frqglwlrq +5149,/ wkh plqlpl}dwlrq ghwhuplqlqj ^| ghshqgv rqo| rq wkh udwlr
l| G’
|
|E n o|3

Zh xvh wklv udwlr l| dv d vwdwh yduldeoh zklfk ghwhuplqhv wkh ehkdylru ri wkh
hfrqrp| lq shulrg |/ dqg zh vwxg| wkh htxloleulxp g|qdplfv ri wkh hfrqrp|
wkurxjk wkh g|qdplfv ri l|1 Iru wklv sxusrvh/ zh zulwh
) El|c ^ G’

l|*E n ^ n E^ li ^ : f
l| li ^ ’ f
iru wkh plqlpxpxqlwfrvw ri surgxfwlrq dw | glvfrxqwhg edfn wr |  / dqg zh
vhw e^El| G’ @o}6? ) El|c ^/ dqg )W El| G’ 6? ) El|c ^1 Jlyhq wkdw %| : f
dqg ^| : f/ +H6, dqg wkh }hursurw frqglwlrq +H7, |lhog ^| ’ e^El|/ dqg
 ’ E n o|3)
W El| iru | ’ 2c c  +615,
Wkh surshuwlhv ri wkh ixqfwlrqv )W E dqg e^E duh vxppdul}hg lq=
Ohppd 71 +d, Wkh ixqfwlrq )W E lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj/ zlwk
)W El| ’ l| li l| 
s
g  Ef K Ef/ l|*E n e^El| 	 )W El| 	 l| li l| :s
g  Ef K Ef/ dqg ,6l|<")
W El| ’41
+e, Wkh ixqfwlrq e^E vdwlvhv e^El| ’ f iru l| sg  Ef K Ef> lw lv frqwlqxrxv
dqg vwulfwo| lqfuhdvlqj iru l|:
s
g  Ef K Ef/ zlwk ,6l|<"e^El| ’4
Wkh surri ri wklv ohppd lv lpphgldwh iurp Sursrvlwlrq 6 dqg wkh frqyh{lw|
ri  E dqg lv ohiw wr wkh uhdghu1
Lq wkh uhpdlqghu ri wkh surri ri wkh pdlq wkhruhp/ zh xvh wkh suhfhglqj revhu0
ydwlrqv wr vwxg| frqglwlrq +H8,/ wkh pdunhwfohdulqj frqglwlrq iru pdqxidfwxuhg
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jrrgv1 Ohppd 6 lpsolhv wkdw iru | ’ 2c c / wkh vxsso| ri wkh pdqxidfwxuhg
jrrg dw gdwh |/ l1h1/ wkh uljkwkdqg vlgh ri +5153,/ wdnhv wkh vlpsoh irup |u1 Rq
wkh ghpdqg vlgh/ vlqfh %|n : f/ wkh lqyhvwphqw ghpdqg ?|nEgE^|n n KE%|n
fdq eh uhzulwwhq dv ?|n%|nE^|n ’ |nuEe^El|n1 Wkh pdunhwfohdulqj
frqglwlrq +5153, iru wkh pdqxidfwxuhg jrrg dw gdwh | lv wkhuhiruh htxlydohqw wr wkh
htxdwlrq S| n|nuEe^El|n ’ |u/ ru lq ylhz ri +H;,/
S| ’ |uE E n e^El|nEe^El|n +616,
Iurp wkh uvwrughu frqglwlrqv iru wkh frqvxphu*v pd{lpl}dwlrq/ zh dovr nqrz
wkdw iru doo |/ S|n ’ qE n o|S| / ru/ lq ylhz ri +615,/ S|n ’ qS|*)
W El|n1 Xsrq
frpelqlqj wklv zlwk +616,/ dssolhg wr vxffhvvlyh |/ zh rewdlq=
|nuE E n e^El|n2Ee^El|n2
’ q|uE E n e^El|nEe^El|n*)W El|n 
Djdlq xvlqj +H;, wr vxevwlwxwh iru |n dqg fdqfhoolqj |u/ zh qg wkdw wkh
vxffhvvlrq ri pdunhwfohdulqj frqglwlrqv iru wkh pdqxidfwxuhg jrrg lq shulrgv
2c c / lv htxlydohqw wr d uvwrughu glhuhqfh htxdwlrq iru wkh vwdwh yduldeoh
l|=
E n e^El|nE E n e^El|n2Ee^El|n2
’ qE E n e^El|nEe^El|n*)W El|n +617,
Ohppd 81 Wkh glhuhqfh htxdwlrq +617, kdv d xqltxh vroxwlrq wkdw lv frpsdwleoh
zlwk frqvxpswlrq dv zhoo dv l| ehlqj qrqqhjdwlyh iru doo |1 Wkh vroxwlrq vdwlvhv
l| ’ l
W iru vrph lW  q dqg | ’ c ec 1 Li q :
s
g  Ef K Ef/ wkhq q :
lW :
s
g  Ef K Ef dqg e^ElW : f1 Li q  sg  Ef K Ef/ wkhq lW ’ q dqge^ElW ’ f1
Surri1 Zh uvw vkrz wkdw wkh glhuhqfh htxdwlrq +617, kdv d xqltxh vwhdg|
vwdwh lW dqg wkdw wklv vwhdg| vwdwh kdv wkh lqglfdwhg surshuwlhv1 Xsrq vhwwlqj
l|n ’ l|n2 ’ l
W dqg uhduudqjlqj whupv/ zh fdq uhzulwh +617, dv
E n e^ElW)WElW ’ q +618,
E| Ohppd 7/ wkh ohiwkdqg vlgh ri +618, lv vwulfwo| lqfuhdvlqj dqg frqwlqxrxv
lq lW/ wdnlqj wkh ydoxh }hur li lW ’ f/ dqg wdnlqj d ydoxh qr ohvv wkdq q li
lW ’ q1 Khqfh wkhuh lv d xqltxh lW  q wkdw vroyhv +618,1 Ohppd 7 dovr
lpsolhv wkdw li q :
s
g  Ef K Ef/ wkhq dw lW ’
s
g  Ef K Ef/ wkh ohiwkdqg
vlgh ri +618, lv vwulfwo| ohvv wkdq q/ dqg dw lW ’ q wkh ohiwkdqg vlgh ri +618,
lv vwulfwo| juhdwhu wkdq q/ lpso|lqj wkdw wkh vroxwlrq wr +618, pxvw olh vwulfwo|
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ehwzhhq
s
g  Ef K Ef dqg q1 Li q 
s
g  Ef K Ef/ Ohppd 7 lpsolhv wkdw
wkh ohiwkdqg vlgh ri +618, wdnhv wkh ydoxh q dw lW ’ q h{dfwo|1 Frpsdwlelolw| ri
wkh vwhdg| vwdwh zlwk qrqqhjdwlyh frqvxpswlrq iroorzv iurp wkh revhuydwlrq wkdw
E n e^ElWEe^ElW 	 E n e^ElW)WElW vr e| +618, E n e^ElWEe^ElW 	 /
dqg iru l|n ’ l
W / +616, |lhogv S| : f1
Zh qh{w vkrz wkdw wkh glhuhqfh htxdwlrq +617, kdv qr hfrqrplfdoo| phdqlqjixo
vroxwlrq rwkhu wkdq wkh vwhdg|vwdwh vroxwlrq l| ’ l
W iru doo |1 Vxssrvh wr wkh
frqwudu| wkdw wkhuh lv d vroxwlrq l2clc 1 wkdw glhuv iurp wkh vwhdg|vwdwh
vroxwlrq1 Ohw l|n : l
W iru vrph |1 Wkhq E n e^El|n)WEl|n : q/ vr +617,
lpsolhv
E E n e^El|n2Ee^El|n2 	 E E n e^El|nEe^El|n/
khqfh/ e| wkh prqrwrqlflw| ri e^E/ l|n2 : l|n : lW1 E| lqgxfwlrq/ wkh vhtxhqfh
il|n&j/ & ’ c 2c  pxvw wkhq eh lqfuhdvlqj1 Lw fdqqrw frqyhujh wr d olplw1 Iru
vxssrvh wkdw lw glg1 Wkhq e| wdnlqj olplwv lq +617,/ rqh vkrxog qg wkdw wklv
olplw pxvw eh d vwhdg| vwdwh ri wklv glhuhqfh htxdwlrq1 Jlyhq wkdw wkh glhuhqfh
htxdwlrq kdv rqo| rqh vwhdg| vwdwh lW dqg wkdw lW 	 l|n 	 l|n2/ wklv lv
lpsrvvleoh1 Khqfh wkh vhtxhqfh il|n&j pxvw eh jrlqj rxw ri erxqgv1 Exw wkhq
zh pxvw kdyh E En e^El|n&Ee^El|n& 	 f dqg khqfh/ e| +616, S|n&3 	 f iru
dq| vx!flhqwo| odujh &1 Wklv vkrzv wkdw d vroxwlrq wr +617, zlwk l|n : l
W iru
vrph | lv lqfrpsdwleoh zlwk wkh uhtxluhphqw wkdw frqvxpswlrq eh qrqqhjdwlyh dw
doo gdwhv1
Li lqvwhdg zh kdyh l|n 	 l
W iru vrph |/ d suhflvho| v|pphwulf dujxphqw vkrzv wkh
vhtxhqfh il|n&j/ & ’ c 2c  pxvw wkhq eh ghfuhdvlqj1 Dv ehiruh/ wklv vhtxhqfh
fdqqrw kdyh d olplw ehfdxvh vxfk d olplw zrxog kdyh wr eh d vwhdg| vwdwh1 Exw
wkhq zh pxvw kdyh l|n& 	 f iru dq| vx!flhqwo| odujh &/ zklfk lv lpsrvvleoh1 Wklv
frpsohwhv wkh surri ri Ohppd 81
Wr frpsohwh wkh surri ri wkh wkhruhp iru wkh fdvh q :
s
g  Ef K Ef/ zh
vhw ^W ’ e^ElW zkhuh lW : sg  Ef K Ef lv wkh xqltxh vwhdg| vwdwh ri wkh gli0
ihuhqfh htxdwlrq +617,1 E| Ohppd 8/ ^W : f dv fodlphg1 Iru | ’ 2c c /zh vhw
n o|3 ’ En ^
W*q vr wkdw wkh frqvxphu*v rswlpl}dwlrq lv frpsdwleoh zlwk frq0
vxpswlrq jurzwk dw wkh udwh ^W1 Iru | ’ 2c c /zh dovr vhw |n ’ |E n o|l
W
vr wkdw iru wkh jlyhq ydoxhv ri |/ |n/ o|/ dffruglqj wr Sursrvlwlrqv 5 dqg 6 d
up zloo dfwxdoo| pd{lpl}h surwv e| fkrrvlqj ^|n ’ ^
W/ %|n ’ %E^
W/ dqg ,|n ’
%E^W*|E n ^
W1 Iru | ’ 2c c / zh vshfli| wkh doorfdwlrq dv lq +6,  +<,1 Jlyhq
wklv vshflfdwlrq/ iru | ’ 2c c / wkh htxloleulxp frqglwlrqv +H4,+H;, duh hdvlo|
yhulhg1
Wkh uvw shulrg/ | ’ / uhtxluhv vshfldo wuhdwphqw ehfdxvh zh kdyh qr jxdudq0
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whh wkdw ?% ’ u1 Frqvlghulqj wkh pdunhwfohdulqj frqglwlrq iru wkh pdq0
xidfwxuhg jrrg lq shulrg / zh qrwh wkdw jrrgv vxsso| lv h{rjhqrxvo| jlyhq
dv 6?E?%c u1 Frqvxpswlrq ghpdqg S fdq eh htxdwhg wr S2*qE n o/
zkhuh/ iurp +616, zlwk l ’ l
W/ S2 ’ 2uE  E n e^ElWEe^ElW1 Lqyhvw0
phqw ghpdqg dw | ’  lv 2uEe^El2 dqg/ e| wkh }hursurw frqglwlrq +615,/
*Eno ’ )
WEl21 Jlyhq wkdw2 ’ Ene^El2/ wkh pdunhwfohdulqj frqglwlrq
iru gdwh  fdq qrz eh zulwwhq dv
6?E?%c u ’ uE n e^El2d)WEl2E E n e^ElWEe^ElW*q n Ee^El2o
E| idploldu dujxphqwv/ wkh uljkwkdqg vlgh lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj
lq l2/ dqg wkhuh h{lvwv d xqltxh l2 iru zklfk wklv pdunhwfohdulqj frqglwlrq lv
vdwlvhg1 Xsrq xvlqj wklv ydoxh ri l2 wr vshfli| 2c oc ^2c %2c ?2c ,2c Sc 
_
 c dqg
vhwwlqj , ’ 6?E%*c u*?/ rqh qgv wkdw wkh vshflfdwlrq ri wkh htxloleulxp
doorfdwlrq lv frpsohwh1
Iru wkh fdvh q 
s
g  Ef K Ef/ zh qrwh wkdw lq dq htxloleulxp rq wkh rqh
kdqg/ e| Ohppd 8 wkh vwdwh yduldeohv l| zrxog kdyh wr wdnh wkh ydoxh q/
zlwk e^El| ’ e^Eq ’ f iru | ’ 2c c 1 Rq wkh rwkhu kdqg/ e| Ohppd 6 dqg
Sursrvlwlrq 5/ zh vkrxog kdyh %| : f dqg ^| ’ e^El| : f iru doo |1 Lq wklv fdvh
wkhq wkh dvvxpswlrq wkdw dq htxloleulxp h{lvwv ohdgv wr d frqwudglfwlrq1 Wklv
frpsohwhv wkh surri ri wkh wkhruhp1
71 Frpsdudwlyh Vwdwlfv dqg Zhoiduh Dqdo|vlv
7141 Frpsdudwlyh Vwdwlfv
Lq wklv vhfwlrq zh frqvlghu wkh ghshqghqfh ri wkh htxloleulxp jurzwk udwh ^W rq
wkh sdudphwhu ri wkh prgho1 Zh dovr frqvlghu wkh srvvlelolw| ri dhfwlqj wkh
htxloleulxp jurzwk udwh e| phdvxuhv ri sxeolf srolf|1 Zh ehjlq zlwk d uhvxow
rq wkh frpsdudwlyh vwdwlfv surshuwlhv ri wkh htxloleulxp xqghu odlvvh}idluh wkdw
zdv wkh vxemhfw ri Vhfwlrq 61 Rxu uvw uhvxow frqfhuqv wkh lq xhqfh ri frqvxphu
glvfrxqwlqj1
Sursrvlwlrq 71 Wkh htxloleulxp jurzwk udwh ^W dqg wkh htxloleulxp rxwsxw shu
up %E^W duh wkh kljkhu/ wkh kljkhu lv q
Surri1 Uhfdoo iurp wkh surri ri wkh wkhruhp wkdw ^W ’ 	^ElW zkhuh lW lv
wkh xqltxh ydoxh ri wkh vwdwh yduldeoh l| wkdw vdwlvhv wkh vwhdg|vwdwh frq0
glwlrq q ’ E n 	^ElW)WElW/ l1h1/ frqglwlrq +618,1 Dv q jrhv xs/ vr pxvw
E n 	^ElW)WElW Jlyhq wkdw/ e| Ohppd 7/ E n 	^ElW)WElW lv lqfuhdvlqj lq
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lW1 Wklv lpsolhv wkdw wkh vroxwlrq lW wr +618, pxvw lqfuhdvh zlwk q Vlqfh/ e|
Ohppd 7 dqg Sursrvlwlrq 6/ 	^E dqg % E duh vwulfwo| lqfuhdvlqj ixqfwlrqv/ wkh
sursrvlwlrq iroorzv lpphgldwho|1
Wkh lqwxlwlrq ri wklv sursrvlwlrq lv wkh iroorzlqj1 D kljkhu q phdqv wkdw wkh
krxvhkrog ydoxhv ixwxuh frqvxpswlrq pruh kljko|/ dqg iru d jlyhq ydoxh ri wkh
lqwhuhvw udwh/ kh lv suhsduhg wr kdyh d kljkhu jurzwk udwh ri frqvxpswlrq1 Iurp
wkh surgxfwlrq vlgh ri wkh hfrqrp| krzhyhu/ d kljkhu jurzwk udwh uhtxluhv d
uhgxfwlrq lq wkh lqwhuhvw udwh1 Wklv uhgxfwlrq zloo uhgxfh wkh frqvxpswlrq jurzwk
udwh ghvluhg e| wkh krxvhkrog/ exw qrw hqrxjk wr rxwzhljk wkh gluhfw hhfw ri
kdylqj d kljkhu q dqg ohvv glvfrxqwlqj e| wkh krxvhkrog1 Lq wkh htxloleulxp
fruuhvsrqglqj wr wkh kljkhu q/ wkhuh pxvw eh erwk/ d orzhu lqwhuhvw udwh dqg d
kljkhu jurzwk udwh/ lq dffrugdqfh zlwk wkh lpsolfdwlrqv ri surw pd{lpl}dwlrq dqg
}hur surwv ri upv1 Wkh lqfuhdvh lq up vshqglqj rq lqqrydwlyh dfwlylw| udlvhv
wkhlu {hg frvwv zklfk lq wxuq udlvhv wkh ohyho ri rxwsxw dw zklfk wkh| plqlpl}h
dyhudjh frvwv1
Vlplodu frpsdudwlyhvwdwlfv uhvxowv duh dydlodeoh zlwk uhvshfw wr surgxfwlylw|
sdudphwhuv li zh lqwurgxfh vxfk sdudphwhuv lqwr wkh frvw ixqfwlrqvg E dqg K E1
Vxssrvh iru lqvwdqfh wkdw gE^  ^2*V dqg KE%  %2* vr wkdw lqqrydwlrq frvwv
ghfuhdvh dv V lqfuhdvhv dqg fdsdflw| frvwv ghfuhdvh dv  lqfuhdvhv1 Wkhq iru ^ : f/
plqlpdo xqlw frvw lv htxdo wr E^ ’ ^*EV*2/ dqg iru l : *EV*2 rqh kdv
	^El ’ l*2EV*e  / zklfk lv lqfuhdvlqj lq V D vlplodu dujxphqw dv ehiruh
vkrzv wkdw lq wklv fdvh/ wkh htxloleulxp jurzwk udwh ^W lv lqfuhdvlqj lq V dqg 
Wkxv ^W lv srvlwlyho| dhfwhg e| srvlwlyh vkliwv lq wkh surgxfwlylw| ri lqqrydwlyh
lqyhvwphqwv dv zhoo dv fdsdflw| lqyhvwphqwv1
Wxuqlqj dzd| iurp wkh frpsdudwlyh vwdwlfv ri wkh odlvvh}idluh v|vwhp wkdw zh
kdyh vwxglhg vr idu/ zh qrz frqvlghu wkh lpsdfw ri vfdo srolf| lq rxu prgho1
Wkh vfdo srolf| phdvxuh zh frqvlghu lqyroyhv d jryhuqphqw vxevlg| iru erqgv/
qdqfhg e| d wd{ rq oderu lqfrph1 Zlwk lqhodvwlf oderu vxsso| ri wkh krxvhkrog/
wkh wd{ rq oderu lqfrph lv qrqglvwruwlrqdu|/ vr zh uhdoo| duh orrnlqj dw wkh hhfwv
ri dq lqwhuhvw udwh vxevlg|1 Zh dvvxph wkdw wkh vxevlg| udwh lv wkh vdph lq doo
shulrgv1 Zh ghqrwh wklv udwh e| j1 Ohwwlqj o| ghqrwh wkh lqwhuhvw udwh frqwudfwhg
dqg sdlg e| upv eruurzlqj dw gdwh |/ dv ehiruh/ zh vshfli| wkh krxvhkrog*v udwh
ri uhwxuq rq wkhvh erqgv dv o| n j
Iru d jlyhq sulfh v|vwhp i|c o|j dv vhhq e| upv/ wkh surgxfwlrq vlgh ri wkh
hfrqrp| lv xqdhfwhg e| wklv vfdo srolf|1 Wkh krxvhkrog lv dhfwhg ehfdxvh +l,
iru d jlyhq vhtxhqfh ri lqwhuhvw udwhv io|j/ wkh lqwhuhvw udwh vxevlg| dhfwv klv
ghvluhg udwh ri frqvxpswlrq jurzwk/ dqg +ll, erwk wkh lqwhuhvw udwh vxevlg| dqg
wkh oderu lqfrph wd{ kdyh lqfrph hhfwv1 Li wkh jryhuqphqw exgjhw lv edodqfhg/
wkh lqfrph hhfwv zloo mxvw qhxwudol}h hdfk rwkhu/ dqg lw vx!fhv wr frqvlghu wkh
lqfhqwlyh hhfwv ri wkh lqwhuhvw udwh vxevlg|1 Zlwk wkh vxevlg|/ wkh uvwrughu
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frqglwlrq lqglfdwlqj wkh krxvhkrog*v ghvluhg frqvxpswlrq jurzwk lv irxqg wr eh=
S|n ’ qE n o| n j S|c
zklfk jhqhudol}hv +517, wr wkh fdvh j 9’ f Dv ehiruh/ wklv frqglwlrq fdq eh pdwfkhg
zlwk frqglwlrqv iurp wkh surgxfwlrq vlgh ri wkh hfrqrp| wr ghwhuplqh wkh lpsol0
fdwlrqv ri pdunhw fohdulqj iru pdqxidfwxuhg jrrgv lq vxffhvvlyh shulrgv1 Zlwkrxw
jrlqj wkurxjk wkh ghwdlov/ zh qrwh wkdw wkh vdph dujxphqw dv ehiruh fdq eh xvhg
wr uxoh rxw qrqvwhdg|vwdwh htxloleuld1 Dv iru wkh vwhdg| vwdwh/ zh qg wkdw wkh
htxloleulxp vwhdg|vwdwh lqwhuhvw udwh dqg jurzwk udwh/ zklfk zh ghqrwh e| oEj
dqg ^Ej pxvw eh vxfk wkdw
 n ^Ej ’ qE n oEj n j +714,
vr wkh krxvhkrog*v rswlpl}dwlrq lv lqghhg frpsdwleoh zlwk jurzwk dw wkh udwh
^Ej Iurp wkh suhfhglqj vhfwlrqv* dqdo|vlv ri up ehkdylru/ zh dovr nqrz wkdw
^Ej ’ 	^ElEj/ zkhuh iru wkh jlyhq jc lEj ghqrwhv wkh vwhdg|vwdwh htxloleulxp
ydoxh ri wkh vwdwh yduldeoh l| zklfk ghwhuplqhv rswlpdo surgxfwlrq sodqv iru
shulrg |1 Xvlqj wkh }hursurw frqglwlrq +615, dv ehiruh wr vxevwlwxwh iru n oEj
dqg uhduudqjlqj whupv/ zh fdq uhzulwh +714, dv
q ’ E n 	^ElEj qj)WElEjc +715,
zklfk jhqhudol}hv +618, wr wkh fdvh j 9’ f Wkh uljkwkdqg vlgh ri +715, lv djdlq
lqfuhdvlqj lq lEj/ vr djdlq wkhuh fdqqrw eh pruh wkdq rqh vwhdg| vwdwh1 Pruh0
ryhu wkh gluhfw hhfw ri j lv wr uhgxfh wkh uljkwkdqg vlgh ri +715,/ uhtxlulqj d
frpshqvdwlqj lqfuhdvh lq lEj Wklv |lhogv=
Sursrvlwlrq 81 Wkh htxloleulxp jurzwk udwh ^Ej dqg wkh htxloleulxp rxwsxw
shu up %E^Ej duh wkh kljkhu/ wkh kljkhu lv j Wkh htxloleulxp lqwhuhvw udwh sdlg
e| upv/ oEj/ ghfuhdvhv zlwk j
Wkh lqwhuhvw udwh vxevlg| dovr vhuyhv wr h{sdqg wkh udqjh ri sdudphwhuv iru
zklfk dq htxloleulxp h{lvwv1 Zkhuhdv rxu pdlq wkhruhp jdyh q :
s
g  Ef K Ef
dv qhfhvvdu| dqg vx!flhqw frqglwlrq iru htxloleulxp h{lvwhqfh/ wklv frqglwlrq lv
qrz prglhg wr q :
s
g  Ef K Ef*

 n j
s
g  Ef K Ef

 Wkh dujxphqw hv0
wdeolvklqj h{lvwhqfh dqg xqltxhqhvv ri htxloleulxp xqghu wklv frqglwlrq zlwk j 9’ f
lv sudfwlfdoo| wkh vdph dv iru wkh fdvh j ’ fZh ohdyh wklv dujxphqw wr wkh uhdghu1
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7151 Rswlpdo Jurzwk
Wr frqfoxgh wkh dqdo|vlv ri rxu prgho/ zh frqvlghu wkh zhoiduh surshuwlhv ri htxl0
oleulxp1 Jlyhq wkdw wkh prgho kdv rqo| rqh krxvhkrog/ wkh fkrlfh ri d zhoiduh
fulwhulrq lv vwudljkwiruzdug= Zh hydoxdwh doorfdwlrqv dffruglqj wkh glvfrxqwhg
suhvhqw ydoxh ri xwlolw| wkdw wkh| |lhog wr wkh krxvhkrog1
Lq frpsdulqj doorfdwlrqv/ zh uhvwulfw dwwhqwlrq wr wkrvh doorfdwlrqv wkdw kdyh
wkh vdph vwuxfwxudo surshuwlhv dv wkh htxloleulxp doorfdwlrqv lq rxu dqdo|vlv/
qdpho| lq hdfk shulrg/ wkh vhw ri doo upv lv sduwlwlrqhg lqwr d vxevhw ri dfwlyh
upv dqg d vxevhw ri lqdfwlyh upv/ dqg doo dfwlyh upv fkrrvh wkh vdph surgxf0
wlrq sodq1 Zh gr qrw doorz iru doorfdwlrqv wkdw lqyroyh/ h1j1/ d yhu| vpdoo vhw ri
upv lqyhvwlqj d orw lq lqqrydwlrqv dv d zd| ri hqkdqflqj wkh vwrfn ri nqrzohgjh
dydlodeoh lq vxevhtxhqw shulrgv zlwkrxw vr pxfk uhgxsolfdwlrq ri lqqrydwlyh df0
wlylw|1 Vxfk doorfdwlrqv zrxog uhtxluh d orw ri h{solflw frruglqdwlrq dfurvv upv wr
ghwhuplqh zkr lqqrydwhv d orw dqg zkr grhv qrw1 Zkhq wkh ghflvlrqv ri upv duh
ghfhqwudol}hg dqg dq| vrfldo sodqqhu lv uhvwulfwhg wr xvlqj wd{hv dqg vxevlglhv
wr dhfw wkh lqfhqwlyhv wkdw upv kdyh/ vxfk frruglqdwlrq phfkdqlvpv duh qrw
dydlodeoh16
Jlyhq wkhvh frqvlghudwlrqv/ wkh zhoiduh pd{lpl}dwlrq sureohp fdq eh zulwwhq
dv=
@%
"[
|'
q| *? S| +716,
vxemhfw wr wkh frqvwudlqwv wkdw
S| n ?|ndgE^|n n KE%|no ’ 4?E?|%|c |uc +717,
dqg
|n ’ E n ^|n|
iru doo |/ zkhuh ? : fc % : fc  : f duh djdlq jlyhq1 Wkh uvw frqvwudlqw uhtxluhv
wkdw frqvxpswlrq dqg lqyhvwphqw lq hdfk shulrg duh fryhuhg e| wkdw shulrg*v
rxwsxw/ wkh vhfrqg frqvwudlqw uhvwdwhv rxu vshflfdwlrq iru surgxfwlylw| jurzwk1
Ixoo xvh ri dydlodeoh oderu kdv douhdg| ehhq lqfrusrudwhg dv wklv lv reylrxvo|
qhfhvvdu| iru zhoiduh rswlpdolw|1
6Wr dyrlg wkh gl!fxow| phqwlrqhg khuh/ zh pljkw dovr dvvxph wkdw wkh hfrqrp|zlgh sur0
gxfwlw| lqglfdwru Dw.4 dw gdwh w . 4 uhvsrqgv wr d furvvvhfwlrq dyhudjh ri lqqrydwlrqv dw w1
Krzhyhu/ wklv zrxog uhtxluh vrph dffrxqw ri zkdw kdsshqv dw w. 4 wr upv wkdw kdyh lqyhvwhg
pruh wkdq wkh dyhudjh lq lqqrydwlrqv dw w=
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Sursrvlwlrq 91 Wkh zhoiduh pd{lpl}dwlrq sureohp +716, kdv d xqltxh vroxwlrq
iS|c ?|c %|c ^|c |j Wkhuh lv d frqvwdqw jurzwk udwh ^
WW vr wkdw iru | ’ 2c c c wkh
rswlpdo doorfdwlrq vdwlvhv wkh iroorzlqj=
^|n ’ ^
WWc
|n ’ E n ^
WW|c
%|n ’ %E^
WW ’ @h}4?dEgE^WW n KE%*%oc
?|n ’ E n ^
WW?| ’ |nu*%E^
WW
S|n ’ E n ^
WW?| ’ |uE E n ^
WWE^WW
Wkh rswlpdo jurzwk udwh ^WW vdwlvhv wkh uvwrughu frqglwlrq=
E^WW n E n ^WW E^WW ’ qE n ^WW


E n ^WW2
n  E^WW

 +718,
Wkh surri ri wklv sursrvlwlrq lv urxwlqh dqg lv jlyhq lq Dsshqgl{ 9151 Khuh
zh frqfhqwudwh rq wkh lqwxlwlrq iru wkh frqglwlrq ghwhuplqlqj wkh rswlpdo jurzwk
udwh1 E| vlpsoh h!flhqf| frqvlghudwlrqv/ iru | ’ 2c c c zh pxvw kdyh ?|%| ’ |u
dqg %| ’ %E^| vr wkdw wkhuh lv ixoo hpsor|phqw ri doo uhvrxufhv dqg pruhryhu wkh
wudghr ehwzhhq qxpehu dqg vl}h ri dfwlyh upv lv kdqgohg vr dv wr plqlpl}h
xqlw frvwv1 Jlyhq wkhvh frqglwlrqv/ zh fdq uhzulwh wkh ihdvlelolw| frqvwudlqw +717,
iru wkh xvh ri wkh pdqxidfwxuhg jrrg dw gdwh | lq wkh irup
S| n|nuE^|n ’ |u
ru
S| n|uE n ^|nE^|n ’ |u
Qrz frqvlghu wkh hhfwv ri dq lqfuhdvh lq ^|n/ frpelqhg zlwk d ghfuhdvh lq ^|n2 vr
wkdw |n2 +dv zhoo dv |nc |nec hwf1, lv xqdhfwhg1 Wkh lqfuhdvh lq ^|n uhtxluhv
dgglwlrqdo lqyhvwphqw uhvrxufhv dqg orzhuv frqvxpswlrq dw gdwh | Wkh wzr whupv
rq wkh ohiwkdqg vlgh ri wkh uvwrughu frqglwlrq +718, lqglfdwh wklv frvw hhfw
iurp wkh shuvshfwlyh ri shulrg | dw wkh pdujlq/ qrupdol}hg e| |u1 Wkh uvw whup/
E^WW/ fruuhvsrqgv wr wkh dgglwlrqdo lqyhvwphqw qhhgv wkdw dulvh dv ^|n lqfuhdvhv/
wkh surgxfwlylw| |n ’ |E n ^|n lqfuhdvhv/ vr dw wkh jlyhq h!flhqw shuup
fdsdflw| %E^|n dgglwlrqdo upv zlwk dgglwlrqdo lqyhvwphqw pxvw ehfrph dfwlyh
wr surylgh iru ixoo hpsor|phqw ri oderu dw |n1 Wkh vhfrqg whup/ En^WW E^WW/
phdvxuh wkh gluhfw hhfw ri wkh lqfuhdvh lq ^|n rq wkh lqyhvwphqw qhhgv ri jlyhq
upv1
Wkh uljkwkdqg vlgh ri uvwrughu frqglwlrq +718, phdvxuhv wkh pdujlqdo ehq0
hwv iurp wkh lqfuhdvh lq ^|n Wkhvh ehqhwv dulvh lq shulrg | n 1 Jlyhq wkdw
5:
zh orrn dw wkh vlwxdwlrq iurp wkh shuvshfwlyh ri shulrg |/ wkh pdujlqdo ehqhwv
pxvw eh glvfrxqwhg edfn e| rqh shulrg/ khqfh wkh q ehiruh erwk whupv1 Vlqfh
zkdwhyhu kdsshqv frqfhuqv dq hfrqrp| wkdw lv E n ^|n dv odujh dw | n  dv dw
|/ wkh pdujlqdo ehqhwv shu up pxvw dovr eh pxowlsolhg e| wklv idfwru1 Dw wkh
ohyho ri wkh lqglylgxdo up/ wkhuh duh wkhq wzr vrxufhv ri ehqhwv ri wkh lqfuhdvh
lq ^|n= Iluvw/ oderu lqsxwv shu xqlw ri rxwsxw duh uhgxfhg vr pruh rxwsxw fdq eh
surgxfhg> wklv lv uhsuhvhqwhg e| wkh uvw whup lq vtxduh eudfnhwv1 Vhfrqg/ wkh
nqrzohgjh vslooryhu iurp surgxfwlylw| jurzwk ehwzhhq | dqg | n  shuplwv d
ghfuhdvh lq ^|n2 uhvxowlqj lq orzhu lqyhvwphqw> wklv lv uhsuhvhqwhg e| wkh vhfrqg
whup lq vtxduh eudfnhwv1 Erwk wkhvh ehqhwv vhuyh wr lqfuhdvh frqvxpswlrq dw
|n1 Frqglwlrq +718, uhtxluhv wkdw diwhu glvfrxqwlqj edfn e| rqh shulrg/ wkh| duh
dw wkh pdujlq mxvw htxdo wr wkh frvw ri dq lqfuhdvh lq ^|n
D frpsdulvrq ri wkh rswlpdojurzwk frqglwlrq +718, zlwk wkh frqglwlrqv iru
htxloleulxp jurzwk xqghu odlvvh}idluh |lhogv=
Sursrvlwlrq :1 Wkh htxloleulxp jurzwk udwh ^W xqghu odlvvh}idluh lv vwulfwo| ohvv
wkdq wkh rswlpdo jurzwk udwh ^WW
Surri1 Wkh htxloleulxp jurzwk udwh ^W vdwlvhv wkh uvwrughu frqglwlrq iru
	^ElW/
lW ’ E n ^W2 E^W +719,
dv zhoo dv wkh vwhdg|vwdwh frqglwlrq
q ’ E n ^W)WElW
Jlyhq wkh ghqlwlrq ri )W E/ wkh odwwhu lv htxlydohqw wr wkh uhtxluhphqw wkdw
q ’ lW n E n ^WE^W
Xsrq xvlqj +719, wr vxevwlwxwh iru lW dqg uhduudqjlqj whupv/ wklv |lhogv=
E^W n E n ^W E^W ’ q

 n ^W
 +71:,
Xsrq frpsdulqj wklv zlwk wkh frqglwlrq iru ^WW/ rqh hdvlo| qgv wkdw ^W 	 ^WW
Wkh fuxfldo glhuhqfh ehwzhhq wkh frqglwlrq iru ^W dqg wkh frqglwlrq iru ^WW
lv wkdw wkh iruphu grhv qrw wdnh dffrxqw ri wkh lqwhuwhpsrudo vslooryhu hhfw
iurp fxuuhqw surgxfwlylw| jurzwk rq wkh vwduwlqj srlqw ri ixwxuh lqqrydwlyh dqg
surgxfwlyh dfwlylw|1 Frqglwlrq +71:, kdv qr htxlydohqw ri wkh vhfrqg whup rq wkh
uljkwkdqg vlgh ri +718,1
5;
D qdwxudo txhvwlrq lv zkhwkhu wklv sureohp fdq eh uhvroyhg e| dq lqwhuhvw udwh
vxevlg|1 Wkh dqvzhu wr wklv txhvwlrq lv d!updwlyh1 Li wkh lqwhuhvw udwh vxevlg| lv
fkrvhq vr dv wr mxvw dffrxqw iru wkh nqrzohgjh vslooryhu h{whuqdolw|/ wkh uhvxowlqj
htxloleulxp zloo pd{lpl}h zhoiduh +716, xqghu wkh frqvwudlqw +717,
Sursrvlwlrq ;1 Iru dq lqwhuhvw udwh vxevlg|
jWW ’
E n ^WW2 E^WW
E^WW n E n ^WW E^WW
c +71;,
wkh htxloleulxp jurzwk udwh ^EjWW lv htxdo wr wkh rswlpdo jurzwk udwh ^WW/ dqg
wkh htxloleulxp doorfdwlrq lv htxdo wr wkh rswlpdo doorfdwlrq1
Surri1 E| +715,/ iru dq| j/ zh kdyh
q n qj)WElEj ’ E n ^Ej)WElEj
E| wkh ghqlwlrq ri )WE/ dqg wkh uvwrughu frqglwlrq iru ^Ej ’ 	^ElEj/ zh
dovr kdyh
)WElEj ’ E^Ej n E n ^Ej E^Ejc
khqfh
qE n j)WElEj
E n ^Ej
’ EE^Ej n E n ^Ej E^Ej +71<,
Xsrq vxevwlwxwlqj iurp +71;, lqwr +71<, dqg frpsdulqj zlwk +718,/ rqh lpphgldwho|
vhhv wkdw ^EjWW ’ ^WW Jlyhq wklv revhuydwlrq/ wkh rswlpdolw| ri wkh htxloleulxp
doorfdwlrq dw wkh lqwhuhvw udwh vxevlg| jWW lv hdvlo| yhulhg1
81 Frqfoxglqj Uhpdunv
Wr frqfoxgh wkh sdshu/ zh eulh | glvfxvv wkh urexvwqhvv ri rxu qglqjv wr fkdqjhv
lq wkh vshflfdwlrq ri wkh prgho wkdw zh xvh1 Wkuhh srlqwv vhhp lpsruwdqw= Iluvw/
zkdw lv wkh uroh ri wkh dvvxpswlrq wkdw wkhuh lv rqh lqqlwho|olyhg krxvhkrogB
Vhfrqgo|/ zkdw lv wkh uroh ri wkh dvvxpswlrq wkdw fdsdflw| lqyhvwphqwv dqg oderu
duh vwulfw frpsohphqwv lq surgxfwlrqB Wklugo|/ zkdw lv wkh uroh ri wkh dvvxpswlrq
wkdw lqqrydwlrqv uhtxluh lqyhvwphqwv ri pdqxidfwxuhg jrrgv udwkhu wkdq oderuB
Hdfk ri wkhvh dvvxpswlrqv lv txlwh vshfldo/ vr lw lv lpsruwdqw wr vhh krz urexvw
rxu qglqjv pd| eh li zh jhqhudol}h wkhp1 Zh glvfxvv wklv iru hdfk rqh lq wxuq1
5<
Wkh dvvxpswlrq wkdw wkhuh lv rqh lqqlwho|olyhg krxvhkrog vhhpv wr eh lp0
sruwdqw lq w|lqj wkh htxloleulxp jurzwk udwh ri wkh hfrqrp| wr lqwhuwhpsrudo
frqvxpswlrq fkrlfhv1 Dv idu dv wkh krxvhkrog vhfwru lv frqfhuqhg/ htxloleulxp
frqvxpswlrq jurzwk dqg lqwhuhvw udwhv lq rxu dqdo|vlv duh olqnhg wrjhwkhu e|
frqglwlrq +614,/ zklfk ghulyhv wkh krxvhkrog*v ghvluhg frqvxpswlrq jurzwk iurp
pdujlqdo frqvlghudwlrqv frqfhuqlqj wkh lqwhuwhpsrudo doorfdwlrq ri frqvxpswlrq1
Wkh txhvwlrq ri urexvwqhvv zlwk uhvshfw wr wklv vshflfdwlrq fdq eh srvhg dw wzr
ohyhov= +l, Iru d jlyhq srsxodwlrq lqyroylqj vhyhudo lqqlwho|olyhg frqvxphuv/
rqh fdq dvn zkhwkhu wkh frruglqdwlrq ri wkhlu lqwhuwhpsrudo frqvxpswlrq fkrlfhv
wkurxjk wkh sulfh phfkdqlvp zrunv vx!flhqwo| zhoo wr pdlqwdlq wkh olqn ehwzhhq
wkh jurzwk ri djjuhjdwh frqvxpswlrq dqg lqglylgxdo rswlpl}dwlrq dw htxloleulxp
sulfhv wkdw zh xvh lq +614,1 +ll, Iru d jurzlqj srsxodwlrq ri qlwho|0 ru lqqlwho|
olyhg frqvxphuv/ vkrxogq*w wkh jurzwk udwh ri djjuhjdwh frqvxpswlrq ghshqg rq
srsxodwlrq jurzwk udwkhu wkdq lqglylgxdo rswlpl}dwlrqB Wkh uvw ri wkhvh txhv0
wlrq lv qrw vshflf wr jurzwk prghov/ lw dhfwv doo pdfurhfrqrplf prghov wkdw
uhsuhvhqw wkh krxvhkrog vhfwru e| rqh shuvrq dqg xvh wkh frqglwlrqv iru wkdw shu0
vrq*v rswlpl}dwlrq wr rewdlq uhvwulfwlrqv rq hfrqrplf djjuhjdwhv1 Rq wklv txhvwlrq
zh kdyh qrwklqj wr dgg1 Wkh vhfrqg txhvwlrq lv pruh vshflf wr rxu dqdo|vlv dv
lw gluhfwo| frqfhuqv wkh ghwhuplqdwlrq ri htxloleulxp jurzwk1
Rq wklv txhvwlrq/ rqh hdvlo| yhulhv wkdw/ h1j1/ lq dq ryhuodsslqjjhqhudwlrqv
prgho zlwk qlwho|olyhg frqvxphuv/ wkh djjuhjdwh jurzwk ri wkh hfrqrp| zloo eh
htxdo wr wkh jurzwk ri wkh oderu irufh lq h!flhqf| xqlwv/ l1h1/ wr urxjko| wkh vxp ri
srsxodwlrq jurzwk dqg surgxfwlylw| jurzwk1 Lq whupv ri htxloleulxp frqvxpswlrq
ghpdqg/ erwk jurzwk udwhv pdwwhu= Zkhuhdv wkh srsxodwlrq jurzwk udwh frphv
lq dv dq dgglwlrqdo idfwru ghwhuplqlqj wkh lqwhuwhpsrudo htxloleulxp/ lw grhv qrw
hqwluho| glvsodfh wkh surgxfwlylw| jurzwk udwh1 Dv d uhvxow/ wkh yhu| vlpsoh uhod0
wlrq +614, ehwzhhq htxloleulxp surgxfwlylw| jurzwk dqg lqwhuhvw udwhv kdv wr eh
uhsodfhg e| d pruh frpsoh{ uhodwlrq/ zklfk dovr frqwdlqv wkh udwlr |n*| ri uhdo
zdjhv dqg surgxfwlylw|/ exw dsduw iurp lwv ehlqj pruh frpsolfdwhg/ wkh dqdo|vlv
ri htxloleulxp jurzwk ghyhorshg lq Vhfwlrq 6 jrhv wkurxjk zlwkrxw fkdqjh1
Wkh vhfrqg txhvwlrq deryh frqfhuqv wkh uroh ri frpsohphqwdulw| lq surgxfwlrq1
Wklv dvvxpswlrq lv lpsruwdqw iru wkh wuhdwphqw ri zdjhv1 Lq hdfk shulrg rwkhu
wkdq srvvleo| wkh uvw/ lqvwdoohg fdsdflw| lv mxvw htxdo wr ixoohpsor|phqw fdsdflw|1
Wklv hqvxuhv wkdw lq hdfk shulrg wkh oderu pdunhw fohduv1 Wkh uroh ri wkh zdjh
lv qrw vr pxfk wr fohdu wkh oderu pdunhw e| fkdqjlqj vxsso| dqg ghpdqg lq wkh
fxuuhqw shulrg1 Lw lv udwkhu wkdw h{shfwdwlrqv ri wkh zdjh dw sulru gdwhv jxlgh
sulru hqwu|/ fdsdflw| dqg lqqrydwlrq lqyhvwphqw ghflvlrqv1 Lq frqwudvw/ lq d zruog
zlwk h{ srvw yduldelolw| ri oderu lqsxwv shu fdsdflw| xqlw/ wkh pdunhwfohdulqj
uroh ri zdjhv lq fxuuhqw oderu pdunhw zloo dovr eh lpsruwdqw1 Vshflfdoo|/ lq hdfk
shulrg wkh uhdo zdjh pxvw eh htxdo wr wkh pdujlqdo surgxfw ri oderu dw lqvwdoohg
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fdsdflw|/ d frqvlghudwlrq zklfk glg qrw sod| d uroh khuh1
Rq wklv txhvwlrq djdlq wkrxjk/ rqh hdvlo| yhulhv wkdw rxu frqfoxvlrqv duh ur0
exvw/ h{fhsw wkdw frqyhujhqfh wr wkh vwhdg| vwdwh pd| wdnh pruh wkdq rqh shulrg1
Wkh fuxfldo whfkqrorjlfdo dvvxpswlrq frqfhuqv wkh h{lvwhqfh ri lqiudpdujlqdo uh0
wxuqv/ qrw wkh frpsohphqwdulw| ehwzhhq oderu dqg fdsdflw| lqyhvwphqwv1 Vxssrvh
iru h{dpsoh wkdw dw wkh up ohyho surgxfwlrq lv jryhuqhg e| d qhrfodvvlfdo sur0
gxfwlrq ixqfwlrq 8 / zlwk lqsxwv fdslwdo dqg h!flhqf| xqlwv ri oderu/ dqg vxssrvh
wkdw 8 lv krprjhqhrxv ri ghjuhh k 5 Efc  lq wkhvh wzr lqsxwv1 Li wkh up*v
lqsxw ri h!flhqf| xqlwv ri oderu wdnhv wkh irup/ |3 E n ^|,|/ zkhuh/ dv lq wkh
dqdo|vlv khuh/ |3 lv dq hfrqrp|zlgh surgxfwlylw| lqgh{ iru gdwh | / ^| lv d
fkrvhq lqqrydwlrq ohyho suhvxplqj dq lqqrydwlrq lqyhvwphqw ri gE^| xqlwv ri wkh
pdqxidfwxuhg jrrg dw gdwh |/ dqg ,| lv oderu lqsxw/ rqh fdq djdlq hvwdeolvk h{0
lvwhqfh ri vwhdg|vwdwh htxloleuld zlwk srvlwlyh hqgrjhqrxv jurzwk zkhuh wkh idfw
wkdw k lv vwulfwo| ohvv wkdq rqh surylghv upv zlwk lqiudpdujlqdo uhwxuqv zklfk
vhuyh wr qdqfh wkh lqqrydwlrq lqyhvwphqw1 Jlyhq wkdw vwhdg|vwdwh surgxfwlrq
sodqv lqyroyh wkh ghwhuplqdwlrq ri fdslwdooderu udwlrv dv zhoo dv up vfdohv dqg
up lqqrydwlrq lqyhvwphqwv/ wkh dqdo|vlv lv djdlq pruh frpsolfdwhg/ exw grhv qrw
lqyroyh dq| ixqgdphqwdo gl!fxow|1
Rxu wklug txhvwlrq frqfhuqv wkh vshflfdwlrq ri lqsxwv iru lqqrydwlrq lqyhvw0
phqw1 Dv phqwlrqhg lq rxu glvfxvvlrq ri wkh pdlq wkhruhp/ wkh dvvxpswlrq wkdw
lqqrydwlrq lqyhvwphqw xvhv wkh pdqxidfwxuhg jrrg udwkhu wkdq oderu dv dq lqsxw
surylghv d zd| wr lqwurgxfh whfkqlfdo surjuhvv lqwr wkh lqqrydwlrq surfhvv lwvhoi1 Li
lqvwhdg zh vshfli| wkh lqqrydwlrq frvw gE^ lq xqlwv ri oderu/ wkh hfrqrp| fdqqrw
h{klelw vxvwdlqhg jurzwk ehfdxvh wkhuh lv qr whfkqlfdo surjuhvv lq wkh lqqrydwlrq
surfhvv lwvhoi1
Lw lv xvhixo wr wklqn derxw wklv lvvxh lq pruh devwudfw whupv/ iurp dq Dxvwuldq
shuvshfwlyh zkhuh doo sulru lqyhvwphqwv/ zkhwkhu lq fdsdflw| ru lq lqqrydwlrq/ duh
wudfhg edfn wr d vhtxhqfh ri gdwhg oderu lqsxwv1 Iurp wklv shuvshfwlyh/ glhuhqw
vhtxhqfhv ri lqqrydwlrq lqyhvwphqwv fruuhvsrqg wr glhuhqw surgxfwlrq fkrlfhv
derxw wkh wudqvirupdwlrq ri gdwhgoderulqsxw vhtxhqfhv lqwr rxwsxwv1 Vwhdg|
vwdwh surgxfwlylw| jurzwk dw d srvlwlyh udwh zrxog uhtxluh wkdw iru rqh xqlw ri
rxwsxw surgxfhg dw/ vd| gdwh | n  dv rssrvhg wr gdwh |/ wkh hqwluh vhtxhqfh ri
gdwhg oderu lqsxwv fdq eh ohvv e| d idfwru ^*E n ^ Wklv uhtxluhv lq sduwlfxodu/
wkdw lq whupv ri oderu lqsxwv wkh surgxfwlylw| ri lqqrydwlrq lqyhvwphqwv jurzv dw
wkh vdph udwh ^ dv hyhu|wklqj hovh1 Zlwk d {hg ixqfwlrq gE/ vshflhg lq xqlwv
ri oderu/ wklv lv qrw vdwlvhg1
Lq frqwudvw wr rxu sdshu/ prvw ri wkh olwhudwxuh/ h1j1/ wkh zrun ri Djklrq
dqg Krzlww +4<<5, ru Jurvvpdq dqg Khospdq +4<<4,/ dvvxphv wkdw lqqrydwlyh
dfwlylw| lv edvhg rq oderu dv dq lqsxw1 Lq wklv olwhudwxuh/ wkh lvvxh ri surgxfwlylw|
lpsuryhphqwv lq lqqrydwlrq lwvhoi zrxog dovr vhhp wr dulvh1 Krzhyhu wklv lvvxh
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lv kdqgohg lpsolflwo|/ wkurxjk wkh dvvxpswlrq wkdw jurzwk wdnhv sodfh lqvlgh ri
upv udwkhu wkdq uhsolfdwlrq1 Li zh doorzhg iru lqqrydwlrq wr dhfw wkh xqlwfrvw
plqlpl}lqj vfdoh ri up surgxfwlrq dv zhoo dv wkh ohyho ri oderu surgxfwlylw|/ wklv
zrxog surylgh urrp iru vxvwdlqhg jurzwk zlwk oderu dv zhoo dv pdqxidfwxuhg jrrgv
vhuylqj dv lqsxwv lqwr lqqrydwlrq1 Ixuwkhu uhvhdufk lq wklv gluhfwlrq zrxog vhhp wr
krog vrph surplvh ri lqvljkw lqwr wkh uhodwlrq ehwzhhq lqqrydwlrq whfkqrorjlhv dqg
wkh ghyhorsphqw ri wkh glvwulexwlrq ri surgxfwlrq xqlwv dqg upv lq wkh jurzwk
surfhvv1
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91 Dsshqgl{
9141 Surri ri Ohppd 4
+d, Jlyhq wkdw ^ : f/ +51:, lpsolhv gE^ : f1 Khqfh ,6%<fEgE^nKE%*% ’41
Iurp +51;, dqg +5148,/ zh dovr kdyh ,6%<"EgE^ n KE%*% ’ 41 Iru ^ : f/
d plqlpxp ri wkh h{suhvvlrq EgE^ n KE%*% rq Efc4 zloo wkhuhiruh h{lvw/ dqg
wkh uvwrughu frqglwlrq iru wklv plqlpxp/
%KE%gE^ KE% ’ fc +914,
zloo kdyh d vroxwlrq1 Jlyhq wkdw wkh ohiwkdqg vlgh ri wklv frqglwlrq lv vwulfwo|
lqfuhdvlqj lq % +zlwk vorsh %KE%,/ wklv vroxwlrq lv xqltxh1 Uhihu wr lw dv %E^1
Iru % 	 %E^/ wkh ohiwkdqg vlgh ri +914, lv qhjdwlyh/ vr EgE^ n KE%*% lv gh0
fuhdvlqj> iru % : %E^/ wkh ohiwkdqg vlgh ri +914, lv srvlwlyh/ vr EgE^ n KE%*%
lv lqfuhdvlqj lq %1 Wkxv EgE^ n KE%*% kdv d xqltxh plqlpxp dw %E^1 E| wkh
lpsolflw ixqfwlrq wkhruhp/ wkh ixqfwlrq % E ghqhg e| +914, lv glhuhqwldeoh/ zlwk
ghulydwlyh
_%
_^
’
g E^
%E^KE%E^
+915,
zklfk e| +51;, lv srvlwlyh/ vr % E lv lqfuhdvlqj1 Dv ^ jrhv wr }hur/ %E^ ghfuhdvhv
wr d olplw1 Wklv olplw pxvw vdwlvi| wkh htxdwlrq %KE% ’ KE%/ rewdlqhg e| wdnlqj
olplwv lq +914,1 Djdlq e| +51;,/ lw iroorzv wkdw wklv olplw lv htxdo wr }hur1
+e, E| +d,/ iru ^ : f/ E^ lv zhoo ghqhg1 E| wkh hqyhorsh wkhruhp/  E lv
frqwlqxrxvo| glhuhqwldeoh dw ^ : f/ dqg wkh ghulydwlyh vdwlvhv
 E^ ’
g E^
%E^
 +916,
Xvlqj +915,/ wklv fdq djdlq eh glhuhqwldwhg wr |lhog
 E^ ’
g E^%E^g E^%E^
d%E^o2
c
zklfk lv qrqqhjdwlyh li +5147, dqg +5148, krog1 Wkh uvw sduw ri wkh ohppd lv wkxv
suryhg1 Wr vkrz wkdw ,6^<fE^ ’ f/ lw vx!fhv wr revhuyh wkdw iru dq| ^ : f/
rqh kdv f 	 E^ 
k
gE^ n K
s
gE^
l
*
s
gE^1 Dv ^ dqg gE^ jr wr }hur/
vr reylrxvo| zloo gE^*
s
gE^ ’
s
gE^/ K
s
gE^

*
s
gE^/ dqg zlwk wkhp
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E^1 Wr suryh wkdw ,6^<f
E^ ’
s
g EfKEf/ xvh o*K÷vslwdo*v uxoh wr wdnh
olplwv lq +916, dv
,6^<f
E^ ’
g Ef
,6^<f E_%*_^
ru
d,6^<f
E^o d,6^<f E_%*_^o ’ g
Ef +917,
Iurp +915, dqg +916,/ zh dovr kdyh KE%E^_%*_^ ’  E^/ khqfh
KEf,6^<f_%*_^ ’ ,6^<f
E^1 Xsrq pxowlso|lqj +917, e| KEf/ rqh rewdlqv
d,6^<f
E^o2 @ g EfKEf/ dv ghvluhg1 
9151 Surri ri Sursrvlwlrq 9
Zh ehjlq zlwk d suholplqdu| ohppd/ zklfk surylghv wkh dqdorjxh ri Ohppdv 5
dqg 6 lq wkh surri ri wkh pdlq uhvxow1 Wkh surri ri wklv ohppd lv wulyldo dqg lv
ohiw wr wkh uhdghu1
Ohppd 91 Vxssrvh wkdw iS|c ?|c %|c ^|c |j vroyhv wkh zhoiduh pd{lpl}dwlrq sure0
ohp +716,1 Wkhq iru | ’ 2c c c %| ’ %E^| ’ @h}4?dEgE^| n KE%*%o/ dqg
?|%| ’ |u Pruhryhu iS|c ^|c |j vroyhv wkh sureohp
@%
"[
|'
q| *? S| +918,
vxemhfw wr wkh frqvwudlqwv wkdw
S nuE n ^2E^2 ’ 4?E?%c uc +919,
dqg/ iru | ’ 2c c c
S| n|uE n ^|nE^|n ’ |uc +91:,
dqg
|n ’ E n ^|n| +91;,
Frqyhuvho|/ li iS|c ^|c |j vroyhv sureohp +918,/ wkhq e| vhwwlqj %| ’ %E^| dqg ?| ’
|u*%E^|c rqh rewdlqv d vroxwlrq iS|c ?|c %|c ^|c |j wr wkh zhoiduh pd{lpl}dwlrq
sureohp +716,1
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Ohppd :1 Sureohp +918, kdv d vroxwlrq1
Surri1 Frqvlghu wkh vhw ri surjudpv iS|c ^|c |j wkdw vdwlvi| wkh frqvwudlqwv +919,
+91;, iru wkh jlyhq ?c %c  Qrqqhjdwlylw| ri frqvxpswlrq lpsolhv wkdw iru doo |/
^| lv erxqghg deryh e| 7^/ zkhuh En7^E7^ ’  Wkhuhiruh |  En7^
|3 / dqg/
e| +919, dqg +91:,/ S|  uEn 7^
|3 iru doo | Wkh vhw ri surjudpv vdwlvi|lqj wkh
frqvwudlqwv +919,+91;, iru wkh jlyhq ?c %c  lv wkhuhiruh frpsdfw lq wkh surgxfw
wrsrorj|/ vr/ dq| vhtxhqfh iS&| c ^
&
| c 
&
| j ri surjudpv vdwlvi|lqj +919,+91;, kdv d
vxevhtxhqfh wkdw frqyhujhv wr d olplw iS|c ^|c |j wkdw dovr vdwlvhv +919,+91;,1
Vlqfh wkh frqvwudlqwv +919,+91;, lpso| S|  uE n 7^
|3 iru doo |/ ryhu wkh
vhw ri surjudpv iS|c ^|c |j vdwlvi|lqj wkhvh frqvwudlqwv/ wkh ydoxh ri wkh remhfwlyh
ixqfwlrq lq +918, lv erxqghg deryh e|
"[
|'
q| *?E n 7^|u ’
"[
|'
q|d| *?E n 7^ n *?uoc
zklfk lv qlwh li  lv qlwh1 Vlqfh S| ’ 4?E?%c u iru doo | lv dq rswlrq lq
sureohp +918,/ zlwk sd|r *?E4?E?%c u*E q : 4/ lw iroorzv wkdw wkh
vxsuhpxp ri wkh remhfwlyh ixqfwlrq ryhu wkh vhw ri surjudpv iS|c ^|c |j vdwlvi|lqj
+919,+91;, lv qlwh1 Qrwlqj wkdw wkh lqlwldo gdwd ? dqg % hqwhu wkh vshflfdwlrq
ri sureohp +918, rqo| wkurxjk wkh surgxfw ?%/ ohw T E?%c  eh wkh ydoxh ri
wklv vxsuhpxp/ dqg ohw iS&| c ^
&
| c 
&
| j eh d vhtxhqfh ri surjudpv vdwlvi|lqj wkhvh
frqvwudlqwv vxfk wkdw
*4
&<"
"[
|'
q| *? S&| ’ T E?%c 
Ixuwkhu/ ohw iS|c ^|c |j eh d olplw ri d frqyhujhqw vxevhtxhqfh ri wkh vhtxhqfh
iS&| c ^
&
| c 
&
| j Wkhq/ dv phqwlrqhg deryh/ iS|c ^|c |j vdwlvhv +919,+91;,1 Pruhryhu/
e| frqwlqxlw| ri wkh orjdulwkp/
"[
|'
q| *? S| ’ *4
&<"
"[
|'
q| *? S&| c
l1h1/ wkh vxsuhpxp iru sureohp +918, lv dfwxdoo| dwwdlqhg e| wkh surjudp iS|c ^|c |j
dqg khqfh lv d pd{lpxp1
E| Ohppd 9 dqg wkh sulqflsoh ri g|qdplf surjudpplqj/ wkh ixqfwlrq T E
vdwlvhv wkh ixqfwlrqdo htxdwlrq
T E?%c  4@ 
Sc^
dq *? Sn qT EE n ^c E n ^oc +91<,
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zkhuh S dqg ^ pxvw vdwlvi| wkh frqvwudlqw
S ’ 4?E?%cu uE n ^E^ +9143,
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